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Ugo Montanari — Born 1943



Preface

This volume contains the 43 papers written by close collaborators and friends of
Ugo Montanari in celebration of his 65th birthday. In some sense, the volume is a
reflection, with gratitude and admiration, on Ugo’s highly creative, remarkably
fruitful and intellectually generous life, which is thriving as strongly as ever.
It provides a snapshot of the manifold research ideas that have been deeply
influenced by Ugo’s work. In a sense the book gives a vantage point from which
to foresee further developments to come: by Ugo himself, and by many other
people encouraged and stimulated by his friendship and example.

The volume consists of seven sections, six of which are dedicated to the main
research areas to which Ugo has contributed. Each of these six sections starts
with a contribution by one of Ugo’s closer collaborators providing an account of
Ugo’s contribution to the area and briefly describing the papers in the section.
The six scientific sections and the respective editors are the following:

— Graph Transformation (Andrea Corradini)

— Constraint and Logic Programming (Francesca Rossi)

Software Engineering (Stefania Gnesi)

Concurrency (Roberto Gorrieri)

— Models of Computation (Roberto Bruni and Vladimiro Sassone)
Software Verification (Gian-Luigi Ferrari)

The final section, edited by Fabio Gadducci, contains some laudatio or memories
of working experiences with Ugo, as well as three more technical contributions.

All papers have undergone the scrutiny of at least two reviewers. There is
one exception, the contribution by Angelo Raffaele Meo. Because of its highly
technical nature and the necessities of keeping the publication deadline, we have
not been able to obtain reports for it. For this reason we are not able to take
full editorial responsibility for the results in the paper, which are presented as a
preliminary report of work in progress to be fully developed in a later publication.
Besides the three book editors and the eight section editors, we were helped by
several reviewers who gave comments on the papers and made suggestions for
their improvement. We would like to thank all of them for their very professional
and reliable help.

This volume was presented to Ugo on the 12th of June 2008 during a one-
day symposium held in Pisa at the Department of Computer Science. There
were six invited talks from eminent scientists, whose friendships with Ugo date
back many years. We thank Rina Dechter, Hartmut Ehrig, Robin Milner, Martin
Wirsing, and Glynn Winskel for accepting our invitation.

We would also like to thank the Dipartimento di Informatica di Pisa for their
support in the organization of the symposium, and the following institutions for
their financial support:



VIII Preface

AICA: Associazione Italiana per I'Informatica ed il Calcolo Automatico,

— CINI: Consorzio Interuniversitario Nazionale per 'Informatica,

— Dipartimento di Matematica Pura ed Applicata di Padova,

ISTT: Institute of Information Science and Technologies “A. Faedo” of CNR,

— SENSORIA project — Software Engineering for Service-Oriented Overlay
Computers,

— University of Pisa.

We would like to conclude by saying that this editorial activity made us
further experience how much Ugo is appreciated all around the world, and the
great esteem he has in the scientific community. Congratulations Ugo!

June 2008 Rocco De Nicola
Pierpaolo Degano
José Meseguer
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Ugo Montanari in a Nutshell

Rocco De Nicola', Pierpaolo Degano?, and José Meseguer?

! Dipartimento di Sistemi e Informatica, Universita di Firenze
denicola@dsi.unifi.it
2 Dipartimento di Informatica, Universita di Pisa
degano@di.unipi.it
3 Department of Computer Science, University of Illinois, Urbana-Champaign
meseguer@uiuc.edu

1 Ugo’s Origins

Ugo was born in Besana Brianza in 1943 where his parents had moved to escape
from the Milan bombings during the Second World War. Immediately after the
war he went back to Milan were he completed all his studies. Ugo got his Laurea
degree in Electronic Engineering from the Politecnico di Milano in 1966, three
years before the first Laurea curriculum and seventeen years before the first PhD
curriculum in Computer Science started in Pisa.

At the Politecnico — el ndster Politécnik, as the great Milanese engineer and
writer Carlo Emilio Gadda used to say — there was no need to defend a thesis,
and for concluding his studies there Ugo designed and implemented (on an IBM
7040) an algorithm for tracing the root locus of dynamical systems with feedback,
and wrote a scientific note describing it.

We cannot easily trace back who was the professor of Ugo, although Antonio
Grasselli might be considered his “scientific father”. Indeed, Ugo could take
advantage of the lively cultural environment at the Politecnico, that included
at that time scientists like Roberto Galimberti, Luigi Dadda, Marco Cugiani
and others, who had a tremendous influence on the development of Computer
Science in Italy.

A couple of years after his graduation, Ugo followed professor Antonio Gras-
selli, who moved to Pisa where the Computer Science curriculund] started in
1969. Professor Grasselli set up there an enthusiastic research group at Istituto
di Elaborazione dell’Informazione (IEI) of the Italian Research Council, where
in the 1950s the Calcolatrice Elettronica Pisana (CEP), the first computer de-
signed and constructed in Italy, had been created. In 1968 Antonio organised
an international school in image processing after which, following Antonio’s rec-
comendations, Ugo went to the University of Maryland. There he worked in one

! Pierpaolo Degano: I was fascinated by his enthusiasm and clarity during the
first introductory course on computers, so to rank Antonio as my best professor,
immediately followed by Ugo, who thought me a mesmerising course at the third
year, cf. the contribution by Franco Turini in this volume. Also because of these
wonderful professors I had, those where my best years and I am very grateful to
them and to all the great people and friends that were in Pisa at that time, cf. the
contribution by Alberto Martelli in this volume.

P. Degano et al. (Eds.): Montanari Festschrift, LNCS 5065, pp. 1 2008.
© Springer-Verlag Berlin Heidelberg 2008



2 R. De Nicola, P. Degano, and J. Meseguer

of the leading groups in image processing, directed by professor Azriel Rosen-
feld. The American experience had a great influence on Ugo, and probably Azriel
Rosenfeld can be considered his second “scientific father”. After Maryland, Ugo
spent overall two years in the States working at Stanford, Berkeley and Carnegie
Mellon Universities in a period when Computer Science was being shaped and
this had a tremendous impact on his future research.

At the end of the 1970’s, Ugo went back to IEI, and in 1975 moved to the
Universita di Pisa as a full professor. Ugo has been working there since then, but
has had other important experiences abroad. Particularly important has been
the one in Argentina, where together with his wife Norma Lijtmaer (a computer
scientist too, with a vast and exceptional cultural richness who recently passed
away) Ugo contributed to setting up ESLAI, a School for Postgraduate Studies
that has produced many bright students, now working in European and Amer-
ican Universities. In the academic year 1986-1987, Ugo went back to the USA,
this time to SRI and Stanford University, where he worked closely with Joseph
Goguen, contributing key graph rewriting ideas to the model of computation and
the compilation techniques of the Rewrite Rule Machine, a novel architecture
that Goguen, Meseguer, and other colleagues developed with Ugo’s help during
those and subsequent years

2 Ugo’s Research

Within the brief scope of this foreword, it would be impossible to do justice to
Ugo’s so rich and varied collection of seminal contributions. With around 300
scientific papers, two books, and 20 edited volumes or special journal issues on
his published record, the task would require a much lengthier treatment than
what is possible in this foreword. Perhaps the best we can do is to give a few,
impressionistic hints by mentioning just a few papers of a seminal nature that
exemplify entire areas where Ugo’s work has shaped and defined the correspond-
ing research field. It is always somewhat misleading to mention specific areas in
isolation. For example, Ugo’s seminal contributions to graph transformations
are of a piece with his contributions to concurrency. Similarly, his first work on
constraint programming was motivated by image processing applications. This
rich interplay between his work in different areas must of necessity remain as an
implicit subtext of the ineluctably brief text containing our explicit comments.
However, we will make a few of these connections somewhat more explicit by
mentioning some papers under more than one heading.

A general area encompassing a range of Ugo’s early contributions is image
processing and artificial intelligence. By way of example we may mention among

2 José Meseguer: This sabbatical visit was also the time when a long-term research
programme was started by Ugo and myself on categorical models of concurrency.
This research programme was further advanced by my subsequent visits to Pisa and
of Ugo to SRI, and was greatly boosted by a second sabbatical stay of Ugo at SRI
and Stanford during the 1996-1997 academic year, and, as we briefly discuss in what
follows, has contributed many important ideas to concurrency theory.
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his contributions here: the first published paper on continuous skeletons in pic-
ture processing and recognition [I]; the first work on hidden line elimination
for three-dimensional graphics [2]; one of the first applications of dynamic pro-
gramming to picture processing [5]; and some fundamental papers on search in
artificial intelligence such as [4].

Another area where Ugo has made key contributions is that of logic and con-
straint programming. The Martelli-Montanari elegant treatment as an inference
system of the unification algorithm [§] has deeply influenced the entire field not only
of logic programming, but also of unification theory. The paper [6] can be justly re-
garded as the first paper on constraint programming. The paper [14] provided a
deep theoretical connection, in category theory terms, between logic programming
and concurrency theory. The contributions [I8I24I32)33] develop a new version of
soft constraint programming, that include optimizations and probabilities.

The area of graph transformations has also been shaped in fundamental ways
by Ugo’s contributions. The paper [3] is the first journal paper on web grammars,
one of the early formalisms for describing graphs. And [I0] is the first paper on
synchronized graph rewriting. More recent work [I7UT934] has explored in depth
the use of graph transformation systems as fundamental models of concurrency.

Perhaps the broadest area where Ugo’s contributions have been both nu-
merous and seminal is concurrency theory. They are so many and varied, that
a schematization would risk missing the point. They include: the first paper
on metric spaces for fairness [J]; the already-mentioned work on synchronized
graph rewriting [10] modeling distributed systems; pioneering work on the partial
order and causal semantics of concurrent processes [IT/12]; new categorical mod-
els of computation for concurrency in which concurrent transition systems are
modeled as structured categories [I3I14]; fundamental studies on the categorical
semantics of Petri nets and their extensions [THIT6I22123]; the already-mentioned
work on graph transformation systems as fundamental models of concurrency
[I7UT9)34]; a new general concurrent model of computation (the tile model) based
on monoidal double categories that is compositional both statically and dynami-
cally [20U25126]; the foundations and tool development of a finite-state verification
framework for mobile caleuli [27J30031]; and a framework for defining transac-
tions with commits and compensation for a variety of formalisms [2TI28/29].

Selected Publications

1. Montanari, U.: Continuous Skeletons from Digitalized Images. Journal of the
ACM 16(4), 534-549 (1969)

2. Galimberti, R., Montanari, U.: An Algorithm for Hidden Line Elimination. Com-
munications of the ACM 12(4), 206-211 (1969)

3. Montanari, U.: Separable Graphs, Planar Graphs and Web Grammars. Information
and Control 16(3), 243-267 (1970)

4. Montanari, U.: Heuristically Guided Search and Chromosome Matching. Artificial
Intelligence 1, 227-245 (1970)

5. Montanari, U.: On the Optimal Detection of Curves in Noisy Pictures. Communi-
cations of the ACM 14(5) (1971)
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. Giarratana, V., Gimona, F., Montanari, U.: Observability Concepts in Abstract

Data Type Specification. In: Mazurkiewicz, A. (ed.) MFCS 1976. LNCS, vol. 45,
Springer, Heidelberg (1976)

. Martelli, A., Montanari, U.: An Efficient Unification Algorithm. ACM Transactions

on Programming Languages and Systems 4(2), 258-282 (1982)

. Degano, P., Montanari, U.: Liveness properties as convergence in metric spaces.

In: 16th ACM Annual Symposium on Theory of Computing, pp. 31-38 (1984)
Degano, P., Montanari, U.: A Model of Distributed Systems Based on Graph
Rewriting. Journal of the ACM 34(2), 411-449 (1987)

Degano, P., De Nicola, R., Montanari, U.: A Distributed Operational Semantics
For CCS Based On Condition/Event Systems. Acta Informatica 26, 59-91 (1988)
Degano, P., De Nicola, R., Montanari, U.: Partial Orderings Descriptions and
Observations of Nondeterministic Concurrent Processes. In: de Bakker, J.W., de
Roever, W.-P., Rozenberg, G. (eds.) Linear Time, Branching Time and Partial Or-
der in Logics and Models for Concurrency. LNCS, vol. 354, pp. 438-466. Springer,
Heidelberg (1989)

Meseguer, J., Montanari, U.: Petri Nets are Monoids. Information and Computa-
tion 88(2), 105-155 (1990)

Corradini, A., Montanari, U.: An Algebraic Semantics for Structured Transition
Systems and its Application to Logic Programs. TCS 103, 51-106 (1992)
Meseguer, J., Montanari, U., Sassone, V.: Process versus Unfolding Semantics for
Place/Transition Petri Nets. TCS 153(1-2), 171-210 (1996)

Degano, P., Meseguer, J., Montanari, U.: Axiomatizing the Algebra of Net Com-
putations and Processes. Acta Informatica 33(7), 641-667 (1996)

Corradini, A., Montanari, U., Rossi, F.: Graph Processes. Fundamenta Informati-
cae 26(3-4), 241-265 (1996)

Bistarelli, S., Montanari, U., Rossi, F.: Semiring-Based Constraint Satisfaction and
Optimization. Journal of the ACM 44(2), 201-236 (1997)

Baldan, P., Corradini, A., Montanari, U.: Unfolding and Event Structure Semantics
for Graph Grammars. In: Thomas, W. (ed.) FOSSACS 1999. LNCS, vol. 1578, pp.
73-89. Springer, Heidelberg (1999)

Bruni, R., Montanari, U.: Cartesian Closed Double Categories, their Lambda-
Notation, and the m-Calculus. In: Proc. 14th Symposium on Logic in Computer
Science, pp. 246-265. IEEE Computer Society, Los Alamitos (1999)

Bruni, R., Montanari, U.: Zero-Safe Nets: Comparing the Collective and Individual
Token Approaches. Information and Computation 156(1-2), 46-89 (2000)

Bruni, R., Meseguer, J., Montanari, U., Sassone, V.: Functorial Models for Petri
Nets. Information and Computation 170, 207-236 (2001)

Baldan, P., Corradini, A., Montanari, U.: Contextual Petri Nets, Asymmetric Event
Structures and Processes. Information and Computation 171, 1-49 (2001)
Bistarelli, S., Montanari, U., Rossi, F.: Semiring-Based Constraint Logic Program-
ming: Syntax and Semantics. ACM Transactions on Programming Languages and
Systems 23(1), 1-29 (2001)

Bruni, R., Meseguer, J., Montanari, U.: Symmetric and Cartesian Double Cate-
gories as a Semantic Framework for Tile Logic. Mathematical Structures of Com-
puter Science 12, 53-90 (2002)

Gadducci, F., Montanari, U.: Comparing Logics for Rewriting: Rewriting Logic,
Action Calculi and Tile Logic. TCS 285(2), 319-358 (2002)
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27. Ferrari, G., Gnesi, S., Montanari, U., Pistore, M.: A Model Checking Verification
Environment for Mobile Processes. ACM Transactions on Software Engineering
and Methodology 12(4), 440-473 (2003)

28. Bruni, R., Montanari, U.: Concurrent Models for Linda with Transactions. Math-
ematical Structures of Computer Science 14(3), 421-468 (2004)

29. Bruni, R., Melgratti, H., Montanari, U.: Theoretical Foundations for Compensa-
tions in Flow Composition Languages. In: Abadi, M. (ed.) Proc. POPL 2005, pp.
209-220. ACM Press, New York (2005)

30. Ferrari, G., Montanari, U., Tuosto, E.: Coalgebraic Minimization of HD-Automata
for the m-Calculus Using Polymorphic Types. TCS 331(2-3), 325-365 (2005)

31. Montanari, U., Pistore, M.: Structured Coalgebras and Minimal HD-Automata for
the m-Calculus. TCS 340(3), 539-576 (2005)

32. Lluch Lafuente, A., Montanari, U.: Quantitative u-Calculus and CTL Defined over
Constraint Semirings. TCS 346, 135-160 (2005)

33. Bistarelli, S., Montanari, U., Rossi, F.: Soft Concurrent Constraint Programming.
ACM Transactions on Computational Logic 7(3), 1-27 (2006)

34. Baldan, P., Corradini, A., Montanari, U., Ribeiro, L.: Unfolding Semantics of
Graph Transformation. Information and Computation 205, 733-782 (2007)

3 Ugo’s Students

Ugo Montanari has made seminal contributions to a wide range of areas in com-
puter science. Furthermore, he has shared his enthusiasm for research with a
large number of Ph.D. students, many of whom are now established researchers
in various countries. More generally, his leadership, his intellectual curiosity and
generosity, and his collaborative spirit have sparked very fruitful long-term col-
laborations with researchers and with entire research teams worldwide. Ugo’s
students are innumerable, if you consider also those who got their Laurea degree
under his supervision — recall that there were no PhD programmes in Italy till
1983, when the first one in Computer Science started in Pisa.

Ugo is always very busy and each of his students has the impression that his
work does not get sufficient attention, but when the time comes to write a paper
or to discuss about scientific directions, Ugo finds always the time to sketch the
work or to wisely advice the scholardd.

Indeed, Ugo is ranked among the very first nurturers in Computer Science by a
2004 study of the Indian Institute of Science, that considers a number of authors
and evaluates them both in terms of their scientific production and of the sci-
entific production of their young students and associates (see http://archive.
csa.iisc.ernet.in/TR/2004/10/).

Below we list those among Ugo’s students that are active in universities or
in research centers and have been supervised by Ugo for a Dottorato di Ricerca

3 Rocco De Nicola: Ugo has had an important role in my career, it was him who
convinced me to apply to Edinburgh for PhD studies when there was no PhD pro-
gram in Italy. I wanted to go to lively Paris but Ugo insisted I should go to rainy
Scotland. Only recently I learnt from a common friend that the reason was not only
scientific; Ugo was worried that, given my attitudes, I would have got lost in the
douceur de vivre of Paris and not concluded much. Thank you Ugo.
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or for a Laurea when the Ph.D. program was not yet well-established in Italy.
The list is ordered according to the period the degree was obtained. To give an
idea of how seminal Ugo has been, for each of his students we also list their
descendents. Students with joint supervision are mentioned only once and a
reference is provided to the other supervisor.

1. GianFranco Prini

(a)

Luca Cardelli

2. Franco Turini

(a)

sErzo s

Paolo Mancarella

i. Francesca Toni

- Gerhard Wetzel
- Yannis Xanthakos

iii. Maurizio Atzori

iv. Giacomo Terreni
Dino Pedreschi

i. Laura Spinsanti

ii. Francesco Bonchi (with F. Giannotti)

iii. Mirco Nanni

iv. Salvatore Ruggieri

v. Mieke Massink
Fosca Giannotti

i. Annalisa Di Deo

ii. Giuseppe Manco
Alessandra Raffaeta (with P. Mancarella)
Chiara Renso
Andrea Bracciali (with A. Brogi)
Miriam Baglioni
Danilo Montesi
Antonio Brogi

i. Sara Corfini

ii. Razvan-Andrei Popescu

iii. Simone Contiero

3. Pierpaolo Degano

(a)

(b)
(c)
(d)

Corrado Priami
i. Linda Brodo
ii. Davide Prandi
iii. Claudio Eccher
iv. Radu Mardare
v. Paola Lecca
vi. Federica Ciocchetta
vii. Debora Schuch da Rosa Machado
viii. Maria Luisa Guerriero
Chiara Bodei
Jean-Vincent Loddo
Stefano Basagni
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i. Luke Demoracski
ii. Rituparna Ghosh
(e) Massimo Bartoletti (with G.L. Ferrari)
(f) Roberto Zunino
4. Stefania Gnesi
(a) Gabriele Lenzini (with S. Etalle)
(b) Giuseppe Lami
5. Rocco De Nicola
(a) Luca Aceto
(b) Michele Boreale
i. Lucia Acciai
(¢) Rosario Pugliese
i. Alessandro Lapadula
(d) Flavio Corradini
i. Diletta Romana Cacciagrano
ii. Maria Rita Di Berardini
(e) Roberto Segala
i. Augusto Parma
ii. Stefano Cattani
(f) Michele Loreti
(g) Lorenzo Bettini
(h) Daniele Gorla (with R. Pugliese)
(i) Daniele Falassi (with M. Loreti)
6. Ilaria Castellani
(a) Ana Almeida Matos (with G. Boudol)
7. Paola Inverardi
Monica Nesi
Henry Muccini
Marco Castaldi
Massimo Tivoli
Antinisca Di Marco
Patrizio Pelliccione
Fabio Mancinelli
Leonardo Mostarda
i) Mauro Caporuscio
j) Marco Autili
(k) Sharareh Afsharian
8. Franco Mazzanti
9. Andrea Corradini
(a) Leila Ribeiro (with H. Ehrig)
10. Gian Luigi Ferrari
(a) Emilio Tuosto
(b) Simone Semprini (with C. Montangero)
(¢) Roberto Guanciale
(d) Daniele Strollo
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11.

12.

13.

14.
15.

16.

17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
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Roberto Gorrieri (with P. Degano)
(a) Nadia Busi
(b) Riccardo Focardi

i. Matteo Maffei
(¢) Marco Bernardo

i. Edoardo Bonta
(d) Gianluigi Zavattaro
(e) Mario Bravetti
(f) Alessandro Aldini
(g) Roberto Lucchi
(h) Claudio Guidi
Paolo Ciancarini
(a) Cecilia Mascolo
(b) Davide Rossi
Francesca Rossi
(a) Kristen Brent Venable
(b) Maria Silvia Pini
Gioia Ristori
Cosimo Laneve
(a) Samuele Carpineti
(b) Manuel Mazzara
Vladimiro Sassone
(a) Pawel Sobocinki
(b) Damiano Macedonio (with A. Bossi)
(¢) Marco Carbone (with M. Nielsen)
Daniel Yankelevich
Fabio Gadducci
Stefano Bistarelli
Marco Pistore
Paola Quaglia
Roberto Bruni
Dan Hirsch (with D. Yankelevich)
Paolo Baldan (with A. Corradini)
Marzia Buscemi
Ivan Lanese
Hernan Melgratti (with R. Bruni)
Filippo Bonchi
Vincenzo Ciancia
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Graphs are widely exploited in several fields of computer science (as well as in
other disciplines) to represent in a direct and adequate way the structure of
the states of a system, making it easily understandable also to a non-technical
audience. In many situations, the behaviour of such systems can be specified
faithfully with a rule-based approach. A graph rule describes how a state can
evolve into another state by replacing a sub-state matching the left-hand side of
the rule with its right-hand side.

The field of Graph Grammars (also known as Graph Rewriting Systems, or
Graph Transformation Systems (GTS)) is concerned with the study of specifica-
tion formalisms based on the above idea, and with their use for modelling and
analysing a variety of systems emerging from several fields of computer science.

The first contributions to the field date back to the late 1960’s. At that time,
graph grammars were introduced as a generalization of string grammars, provid-
ing a finite description of a (possibly infinite) collection of graphs. Along these
lines, Ugo’s first paper on graph grammars ([48], published in 1970) proposed an
enrichment with applicability conditions of Web Grammars, a formalism intro-
duced shortly before by John Pfaltz and Azriel Rosenfeld in ﬂBEI]El and showed
that they can generate some interesting classes of graphs: this has been the first
paper on graph grammars ever published in a journal.

Since then, Ugo has always been very active in the area of Graph Transfor-
mation, not only with his rich scientific production, but also taking part to the
several initiatives of the “GRAGRA” research community. Ugo attended regu-
larly since 1979 the series of quadri-annual International Workshops on Graph
Grammars and Their Applications in Computer Science, and since 2002 the bi-
annual International Conferences on Graph Transformations: he was Program
Chair with Leila Ribeiro of the 2006 edition of the conference, a very success-
ful event which took place in Natal, on the brazilian northern coast. Ugo and
his research group participate since 1989 to a series of European projects on
Graph Transformation: COMPUGRAPH T (1989-92) and IT (1992-96), GET-
GRATS (1997-2001, coordinated by Ugo’s group), APPLIGRAPH (1997-2002),
and SEGRAVIS (2002-06). Also, Ugo co-authored three chapters of the Hand-
books on Graph Transformations ([272/49]), and is co-editor of the third volume
[30] on Concurrency, Parallelism and Distribution.

In the 1980’s Ugo started using in a systematic way Graph Transformations for
the specification, modeling and analysis of concurrent and distributed systems.
In joint works with Tlaria Castellani first [I6] and with Pierpaolo Degano later
[29] (and also with a little contribution by myself, summarized in [I7], the first

! For the curious reader, webs are directed, node-labeled simple graphs.

P. Degano et al. (Eds.): Montanari Festschrift, LNCS 5065, pp. 9 2008.
© Springer-Verlag Berlin Heidelberg 2008
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paper of my carreer), Ugo developed a formalism called (Graph) Grammars
for Distributed Systems (GDS), where a graph represents a distributed system
consisting of processes (represented by hyperedges) interacting through ports
(nodes), together with its past history, represented as a partial order of events.
The evolution of such a distributed system is described with an original three-
level approach, which became recurrent in Ugo’s work: first the evolution of each
single process is specified by context-free productions which may show actions
on connected ports; next a context dependent rewriting rule for a set of processes
can be derived by synchronizing one rule for each process and checking that the
actions shown on the same port by the connected processes are identical; finally
the rewriting rule can be applied locally to the global system.

The originality of the synchronization mechanism just described has been
highlighted more explicitly in recent years by the new name of the approach, Syn-
chronized Hyperedge Replacement (SHR), which has been applied to the specifica-
tion of Software Architecture Styles [35I36I3RI3TI4TI42], as well as to the modeling
of Wide Area Network applications [32] and Service Oriented Computing [31].
To this aim, the synchronization mechanism was extended with name-passing
features [40039/46], allowing for richer topological reconfigurations of a systems,
and the use of different synchronization algebras was considered [47]. In order
to prove efficiently that certain reconfigurations of Software Architectures are
consistent with the corresponding style, i.e., that the resulting graphs are still
derivable in the given grammar, a A-like notation for graph derivations was intro-
duced. A simplified and more effective approach, Architectural Design Rewriting
(ADR) has been proposed recently [I312], which is equipped with an implemen-
tation in the rewriting engine Maude, and where derivations are denoted by
first-order terms.

A more semantic-oriented research project on which Ugo worked constantly
since the early 1990’s has been the development of a rich concurrent semantics for
graph transformation systems. Preliminary results include the formalization in
a categorical framework of existing notions of equivalences among graph deriva-
tions [I821], and the development of event structure or partial order semantics
for aTss [5IIT9420]. But more interesting results have been obtained by general-
izing to GTSs several constructions and results already developed for Petri nets,
an approach that perfectly fits with Ugo’s attitude to relate different models of
computations. The leading intuition here was the observation that P/T nets can
be seen as GTSs acting on discrete graphs, a relationship that was elaborated
upon, for example, in [23[7]. A milestone in this research project has been the
definition of Graph Processes and the study of their properties [26)3], providing
a partial-order semantics for GTSs in terms of GTSs themselves. Graph processes,
in the non-deterministic version, were used in the unfolding semantics of GTSs [5]
first, and later in the development of a functorial, coreflective semantics relating
a category of GTS with a suitable category of event structures [4ISI9ITH].

Other contributions by Ugo in the area include an axiomatization of graphs
and of their derivations [22I24J25], the study of the relationships among GTSs
and other computational models, including Concurrent Constraint and Logic
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Programming [52/5428/44] and the Tile Model [50], and the study of observa-
tional semantics for a¢TSs [6I43].

Last but not least, graph transformation systems have been used recurrently by
Ugo for modeling process calculi with name passing, including the 7-calculus, Mo-
bile Ambients, and the Fusion Calculus [33/44U324534T4ITOITT]. There are two
main advantages in providing a GTS-based representation of a nominal calculus.
Firstly, in most situations the equivalence induced on agents by the graphical rep-
resentation coincides with the structural equivalence of the calculus. Secondly, the
graphical representation makes explicit the topology of the system and the concur-
rency within it, which is only implicit in the representation as process algebra term.

Papers on Graph Transformation in This Volume

Several contributions to this volume dedicated to Ugo address topics related to
graph transformation.

The paper Unfolding Graph Transformation Systems: Theory and Applica-
tions to Verification by Paolo Baldan, Barbara Koénig and myself presents a
brief overview of the works co-authored with Ugo and other colleagues on the
unfolding semantics of graph transformation systems, and on its use in the defini-
tion of a functorial semantics for GTSs and in the development of methodologies
for the verification of systems modeled as finite- or infinite-state GTSs.

In the paper Graph-Based Design and Analysis of Dynamic Software Archi-
tectures by Roberto Bruni, Antonio Bucchiarone, Stefania Gnesi, Dan Hirsch
and Alberto Lluch Lafuente, the authors compare two graph-based approaches
to the specification and modeling of architectural design styles, which are aimed
at validating prototypical applications before their realisation and deployment.
The first approach is based on a set-theoretical variant of the standard double-
pushout rewriting, effectively implemented in the Alloy system, while the second
one is the ADR approach mentioned above.

The paper Graph Transformation Units — An Overview by Hans-Joerg Kre-
owski, Sabine Kuske and Grzegorz Rozenberg presents an overview of the work
done in the last decade on Graph Transformation Units, an abstract modularity
framework for GTSs, independent of a specific graph transformation approach.
The framework allows to encapsulate in a unit both rules and control condi-
tions that regulate their applications, and it provides an importing mechanism
suitable to structure complex specifications. Both a sequential and a parallel
semantics is proposed for this composition mechanism of units.

The paper Synchronous Multiparty Synchronizations and Transactions by
Ivan Lanese and Hernan Melgratti relates two computational models for the
specification of atomic reconfigurations of complex software systems. The au-
thors show that, under mild assumptions, each one can be mapped into the
other and viceversa, preserving the operational behaviour. The first formalism is
SHR, briefly mentioned above, where the distinguished feature is the multiparty
synchronization needed among several hyperedges before they can evolve. The
second one is a process calculus called Zero-Safe Fusion, obtained by enriching
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the fusion calculus, which allows for two-party synchronization, with transac-
tional prefixes, inspired to Zero-Safe nets, a generalization of Petri nets able to
describe transactions originally proposed by Ugo with Roberto Bruni.

In recent years, the definition of graph rewriting according to the algebraic,
double-pushout approach has been generalized to the more abstract framework of
adhesive categories, characterized by a suitable property of “well-behavedness”
of pushouts with respect to pullbacks. In such categories DPO rewriting enjoys
most of the results originally developed for DPO rewriting over graphs, includ-
ing theorems concerning parallelism, concurrency and Church-Rosser properties.
The paper Transformations in Reconfigurable Place/Transition Systems by Ul-
rike Prange, Hartmut Ehrig, Kathrin Hoffman and Julia Padberg shows that
such results hold for transformation systems made of a marked Place/Transition
Petri net and a set of rules describing how such nets can be transformed. This is
achieved by showing that such systems, called Reconfigurable Place/Transition
Systems, equipped with a suitable notion of morphism form a weakly adhesive
high-level replacement category.

Another field where GTSs are successfully used is in the modeling of the evo-
lution of heap based structures, arising during the execution of object oriented
programs. The paper Ezplicit State Model Checking for Graph Grammars by
Arend Rensink presents an overview of the GROOVE project and tool, aimed
at model-checking object oriented programs through their modeling as GTSs.
The paper describes a model-checking approach for graph grammars, including
the definition of graph transition systems, methods for symmetry reduction (via
isomorphism checking) and appropriate first-order and graph-based logics.

Linear-Ordered Graph Grammars were introduced by Ugo and Leila Ribeiro
in [50] as an approach to GTS suitable for the modeling of distributed systems
with mobility and object-based systems. Interestingly, also an encoding of such
grammars in the Tile Model was proposed, making explicit the aspects of inter-
activity and compositionality of such systems. The paper Linear-Ordered Graph
Grammars: Applications to Distributed Systems Design by Leila Ribeiro and Fer-
nando Luis Dotti shows an application of such formalism to the description of the
behaviour of distributed systems made of interacting clients and servers, in pres-
ence of faults of servers and recovering policies. The encoding as tiles is exploited
to introduce a notion of open graphs which can be understood as graphs able to
interact with the environment through a distinguished set of open nodes.
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Abstract. The unfolding of a system represents in a single branching
structure all its possible computations: it is the cornerstone both of se-
mantical constructions and of efficient partial order verification tech-
niques. In this paper we survey the contributions we elaborated in the
last decade with Ugo Montanari and other colleagues, concerning the
unfolding of graph transformation systems, and its use in the defini-
tion of a Winskel style functorial semantics and in the development of
methodologies for the verification of finite and infinite state systems.

1 Introduction

Graph transformation systems (aTss) [31] are recognized as an expressive speci-
fication formalism, especially suited for concurrent and distributed systems [16]:
the (topo)logical distribution of a system can be represented naturally by using
a graphical structure and the dynamics of the system, including the reconfig-
urations of its topology, can be modelled by means of graph rewriting rules.
Moreover GTSs can be seen as a proper generalisation of a classical model of
concurrency, i.e., Petri nets [29], since the latter are essentially rewriting sys-
tems on (multi)sets, the rewriting rules being the transitions.

In a research activity started under the guidance of Ugo Montanari the concur-
rent behaviour of GTSs has been thoroughly studied and a consolidated theory
of concurrency for such systems is now available, including the generalisation
of several semantics of Petri nets, like process and unfolding semantics (see,
e.g., [13130J7]). The unfolding construction, presented in [30] for the single-
pushout approach and in [7] for the double-pushout approach, has been the basis
of a functorial semantics, recently presented in [9], that generalizes to ¢TSs the
one developed by Winskel for safe Petri nets [33]. Furthermore, building on these
semantical foundations and in particular on the unfolding construction, a frame-
work has been developed where behavioural properties of GTSs can be expressed
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and verified. As witnessed, e.g., by the approaches in [25[17] for Petri nets, truly
concurrent semantics are potentially useful in the verification of finite state sys-
tems, in that they help to avoid the combinatorial explosion arising when one
explores all possible interleavings of events. Such techniques have been general-
ized to a framework for the verification of finite state aTss in [5]. Interestingly,
several formalisms for concurrency and mobility can be encoded as GTSs, in
a way that verification techniques developed for GTSs potentially carry over to
such formalisms. Concurrent and mobile systems are often infinite state: in these
cases we can resort to approximation techniques in order to analyze them, as
proposed in [4UTO/TT].

In this paper we summarize a number of contributions published by the au-
thors in collaboration with Ugo Montanari and other colleagues, developing a
theory of concurrency for GTSs and a framework for the verification of systems
modeled as GTSs based on such semantical foundations. We start by presenting
the unfolding construction for GTss in Section 2l Next we describe, in a succinct
way due to size limitation, three frameworks where the unfolding construction
plays a crucial role, namely the functorial semantics of [9] in Section Bl the
finite prefix approach of [5] in Section ] and the verification framework for in-
finite state GTSs based on finite over-approximations of the unfolding proposed
in [AUIOITI] in Section [ Finally in Section [l we draw some conclusions.

2 Unfolding Semantics of Graph Transformation Systems

In this section we first introduce the notion of graph rewriting used in the paper:
rewriting takes place on so-called typed graphs, namely graphs labelled over a
structure that is itself a graph [I3], and it is defined according to the classical
algebraic, single-pushout approach (see, e.g., [15]). Next we review the notion of
nondeterministic occurrence grammar: this will be instrumental in presenting
the unfolding of a aTs [7I30] in Section

2.1 Graph Transformation Systems

In the sequel, given a set A we denote by A* the set of finite strings of elements
of A. Given u € A* we write |u| to indicate the length of u. If u = a; ...a, and
1 <i < n, by [u], we denote the i-th element a; of u. Furthermore, if f : A — B
is a function then we denote by f* : A* — B* its extension to strings. When f
is partial, the extension is strict, i.e., f*(u) is undefined if f is undefined on [u],
for some i € {1,..., |ul}.

Given a partial function f: A — B we will denote by dom(f) its domain, i.e.,
the set {a € A | f(a) is defined}. Let f,g: A — B be two partial functions. We
will write f < g when dom(f) C dom(g) and f(x) = g(z) for all z € dom(f).

Definition 1 (graphs and graph morphisms). A (hyper)graph G is a tuple
(Va, Eq, ca), where Vi is a set of nodes, Eq is a set of edges and cq : Eq — V&
is a connection function. A node v € Vi is called isolated if it is not connected
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to any edge. Given two graphs G,G’, a partial graph morphism f: G — G’ is a
pair of partial functions [ = (fyv : Ve — Vu, fr : E¢ — Eg) such that:

caofr < firoca. (1)

We denote by PGraph the category of (unlabelled hyper-)graphs and partial
graph morphisms. A morphism is called total if both components are total, and
the corresponding subcategory of PGraph is denoted by Graph.

Notice that, according to condition (), if f is defined over an edge then it must
be defined on all its connected nodes: this ensures that the domain of f is a
well-formed graph. We will write G; ~ Gs if G; and G2 are isomorphic.

Definition 2 (typed graphs). Given a graph T, a typed graph G over T is
a pair (|G|, ta), where |G| is a graph and tg : |G| — T is a total morphism.
A partial morphism between T-typed graphs f : G1 — Go is a partial graph
morphisms [ : |G1| — |Ga| consistent with the typing, i.e., such that tg, >
tg, o f. The category of T-typed graphs and partial typed graph morphisms is
denoted by T-PGraph.

A typed graph G is called injective if the typing morphism tg is injective.
More generally, given n € N, the graph is called n-injective if for any item x in
T it holds that |t5" (z)| < n, namely if the number of “instances of resources” of
any type x is bounded by n.

Given a partial typed graph morphism f : G5 — G2, we denote by dom(f) the
domain of f typed in the obvious way.

Definition 3 (graph production and direct derivation). Given a graph
T of types, a (T-typed graph) production ¢ is an injective partial typed graph
morphism Ly A R,. It is called consuming if the morphism is not total. A
production is node preserving if (i) rq is total on nodes, (i) Ly does not contain
isolated nodes, and (i) each isolated node in R, belongs to rq(Ly). The typed
graphs Lg and Ry are called the left-hand side and the right-hand side of the
production, respectively.

A match of a production in a graph G is a total morphism g : Ly — G. A
match is valid when for any x,y € |Lq|, if g(x) = g(y) then z,y € dom(ry).

Given a production L, o Ry, a typed graph G and a T

match g : Ly — G, we say that there is a direct deriva- Ly - Ry
tion G =4 H, if the diagram to the right is a pushout 9., h
square in category T-PGraph. G P H

Roughly speaking, the effect of the pushout construction in T-PGraph is the
following: graph H is obtained by first deleting from the graph G the image
of the items of the left-hand side which are not in the domain of r,, namely
g(Ly — dom(ry)), as well as all edges that would remain dangling, and then
adding the items of the right-hand side which are not in the image of r,, namely
Ry — rq(dom(rq)). The items in the image of dom(ry) are “preserved” by the
rewriting step (intuitively, they are accessed in a “read-only” manner).
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Type graph

Fig. 1. The finite state aTs CP

Definition 4 (typed GTs and derivation). A (T-typed) sPO GTS G (some-
times also referred to as a (graph) grammar) is a tuple (T, G, P,m), where G
is the (typed) start graph, P is a set of production names, and 7 is a function
which associates a T-typed production to each name in P. We denote by Elem(G)
the set Vo U Ep U P.

A derivation in G is a sequence of direct derivations beginning from the start
graph p = {Gi-1 =¢,_, Giticq1,..n}, with Go = Gy: in this case we write
Gs = Gn. A T-typed graph G is reachable in G if Gy =5 G.

We will consider only GTSs where all productions are consuming, and derivations
where matches are wvalid. The restriction to consuming productions is standard
in the framework of semantics combining concurrency and nondeterminism (see,
e.g., [T9133]). On the other hand, considering valid matches only is needed to
have a computational interpretation which is resource-conscious, i.e., where a
resource can be consumed only once. In Sections @l and [{ we shall further restrict
to node-preserving productions, for the reasons explained there.

Ezample 5. Consider the aTs CP (a variation of the running example of [5]),
modeling a system where three processes of type P are connected to a com-
munication manager of type CM (see the start graph in Fig. [[l where edges
are represented as rectangles and nodes as small circles). Two processes may
establish a new connection with each other via the communication manager,
becoming processes engaged in communication (typed PE). This transformation
is modelled by the production [engage] in Fig. I} observe that a new node con-
necting the two processes is created. The second production [release] terminates
the communication between two partners. A typed graph G over Tep is drawn
by labeling each edge or node = of G with “: t¢(x)”. Only when the same graph-
ical item z belongs to both the left- and the right-hand side of a production we
include its identity in the label (which becomes “x : tz(2)”): in this case we also
shade the item, to stress that it is preserved by the production.
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2.2 Nondeterministic Occurrence Grammars

Conceptually, a nondeterministic occurrence grammar O is a structure that can
be used to provide a static description of the computations of a given GTS G: each
production of O represents an event, i.e., a specific application of a production
of G, while the items of the type graph of O represent items of graphs reachable
in derivations of G. Analogously to what happens for Petri nets, occurrence
grammars are “safe” GTSs, where the dependency relations between productions
satisfy suitable acyclicity and well-foundedness requirements. The notion of safe
aTs [I3] generalizes the one for P/T nets which requires that each place contains
at most one token in any reachable marking.

Definition 6 (safe aT1s). A aTs G = (T, Gs, P, ) is safe if, for all H such
that Gs =* H, H 1is injective.

In a safe aTs, each graph G reachable from the start graph is injectively typed,
and thus we can identify it with the corresponding subgraph tc(|G|) of the
type graph. With this identification, a production can be applied in G only to
the subgraph of the type graph which is the image via the typing morphism
of its left-hand side. Thus, according to its typing, we can safely think that a
production produces, preserves or consumes items of the type graph. Using a net-
like language, we speak of pre-set °q, context q and post-set ¢°® of a production
q, defined in the obvious way. Clearly, the items of the type graph which are
used by more productions may induce certain dependencies among them: this is
formalized by the causality and asymmetric conflict relations introduced next,
which are pivotal for the definition of occurrence grammars.

Definition 7 (causal relation). The causal relation of a grammar G is the
binary relation < over Elem(G) defined as the least transitive relation satisfying:
for any node or edge x in the type graph T, and for productions q,q € P

1. if x € °q then x < q;
2. if x € q° then q < x;
3. if¢®*Nqg #0 thenqg<¢.

As usual < is the reflexive closure of <. Moreover, for x € Elem(G) we denote
by || the set of causes of x in P, namely {q € P :q < x}.

Note that the fact that an item is preserved by ¢ and consumed by ¢/, i.e.,
qgN *q" # 0, does not imply ¢ < ¢. Instead, such productions are in asymmetric
conflict (see [8I28123]): The application of ¢’ prevents ¢ from being applied, so
that when both ¢ and ¢’ occur in a derivation, then ¢ must precede ¢'.

Definition 8 (asymmetric conflict). The asymmetric conflict relation of a
grammar G is the binary relation /* over the set of productions, defined by:

1. ifqn *q # 0 thenq / ¢';
2. 4f *qn *°¢ #0 and q # ¢ then q / ¢;
3. ifq<q thenq /¢
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Condition 1 is justified by the discussion above. Condition 2 essentially expresses
the fact that the ordinary symmetric conflict is encoded, in this setting, as an
asymmetric conflict in both directions. Finally, since < represents a global order
of execution, while /' determines an order of execution only locally to each
computation, it is natural to impose ,” to be an extension of < (condition 3).

Definition 9 ((nondeterministic) occurrence grammar). A (nondeter-
ministic) occurrence grammar is a grammar O = (T, G, P,m) such that

1. its causal relation < is a partial order, and, for any q € P, the set |q] is
finite and the asymmetric conflict /" is acyclic on |q];

2. the start graph Gs is the set Min(O) of minimal elements of (Elem(0O), <)
(with the graphical structure inherited from T and typed by the inclusion);

3. any item x in T is created by at most one production in P, namely | ®x| < 1;

4. for each q € P, the typing tr, is injective on the “consumed part” |Lg| —
|dom(rq)|, and tr, is injective on the “produced part” |Ry| — rq(|dom(ry)]).

Since the start graph of an occurrence grammar O is determined by Min(O),
we often do not mention it explicitly. It is possible to show that, by the defining
conditions, each occurrence grammar is safe. Intuitively, conditions 1-3 recast
in the framework of graph grammars the analogous conditions of occurrence
nets (actually of occurrence contextual nets [§]). In particular, in condition 1,
the acyclicity of asymmetric conflict on |¢]| corresponds to the requirement of
irreflexivity for the conflict relation in occurrence nets. Condition 4, instead,
is closely related to safety and requires that each production consumes and
produces items with multiplicity one.

The finite computations of an occurrence grammar are characterized by spe-
cific subsets of productions.

Definition 10 (configuration). Let O = (T, P, ) be an occurrence grammar.
A configuration of O is a finite subset of productions C C P such that /" is
acyclic on C, and for any q € C, |q| C C. Given two configurations C and C’
we write C C C" if C C C" and for any q € C, ¢ € C', if ¢ / q then ¢’ € C.
The set of all configurations of O, ordered by C, is denoted by Conf(O).

The intuition that a configuration represents a computation from the start state
is formalised by the next result (see Proposition 6.11 of [I]), which also provides
a “static” characterisation of the graph reached by such a derivation.

Proposition 11 (reachability of graphs generated by configurations).
Let O be an occurrence grammar, let C € Conf(O) be a configuration and let

gr(C) = (Min(0) UlUec ¢°) = Ugee *a-

Then gr(C) is reachable in O by applying all the productions of C in any order
compatible with /.

As in the case of Petri nets, reachable states can be characterized in terms of a
concurrency relation: this is an easy consequence of Proposition [T}
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Definition 12 (concurrent graph). Let O = (T, P,x) be an occurrence gram-
mar. A subgraph G of T is called concurrent if (1) the asymmetric conflict /
restricted to U, |x] is acyclic and finitary; and (2) ~(x < y) for all v,y € G.

Proposition 13 (concurrency vs. reachability). Let O = (T, P,7) be an
occurrence grammar and G be a subgraph of T. Then G is concurrent iff it is a
subgraph of a graph reachable in O by applying all the productions in |J,cq|x]
i any order compatible with /.

2.3 Unfolding Construction

This section presents the unfolding construction which, applied to an SPO GTS G,
produces a nondeterministic occurrence grammar U, (G) describing its behaviour.
The idea is to begin with the start graph of the GTS, and to apply in all possible
ways its productions to concurrent subgraphs, recording in the unfolding each
occurrence of a production and each new graph item generated.

A basic ingredient of the construction is the gluing operation. It can be seen
as a “partial application” of a production to a given match, in the sense that it
generates the new items as specified by the production, but items that should
have been deleted are not affected: intuitively, this is because such items may
still be used by another production in the nondeterministic unfolding.

Definition 14 (gluing). Let ¢ = rq : Ly — Ry be a production, G a graph and
m : Ly — G a graph morphism. For any symbol z, we denote by glue,(q, m,G)
the graph (V, E,s,t), where V.= Vg Um.(Vg,), E = Eg Um.(Eg,), and m,
is defined by: m,(x) = m(x) if x € dom(rq) and m,(x) = (x, z) otherwise. The
connection function and the typing are inherited from G and R,.

Therefore the gluing operation keeps unchanged the identity of the items already
in G, and records in each newly added item from R, the given symbol z.

The unfolding of a GTS is obtained as the union of a chain of occurrence
grammars, each approximating the unfolding up to a certain causal depth.

Definition 15 (unfolding). Let G = (T, Gs, P, ) be a GTS. We inductively
define, for each n, an occurrence grammar Us (Q)[n] = (Tl" P 7"y and a pair
of mappings o™ = <<pT["] T T ppld . pil P). Then the unfolding
Us(G) and the folding morphism ¢g : Us(G) — G are the occurrence grammar
and the morphism defined as the componentwise unions of us(g)["] and o™,

(n=0) The components of the grammar US(Q)[O} are T = |G|, P = 70 =
0. Morphism ¢l :L{S(Q)[O] — G is defined by o7l% = ta., ppl® = 0.

[n+1]

(n—>mn+1) The occurrence grammar Us(G) is obtained by extending

us(g)[”] with all the possible production applications to concurrent subgraphs of
its type graph. More precisely, let M be the set of pairs (g, m) such that q € P
is a production in G, m : Ly — (T") o™ is an injective match and m(|Ly|)
is a concurrent subgraph of TU. Then Z/IS(Q)MH} is the occurrence grammar
resulting after performing the following steps for each (q,m) € M,
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— Add to P the pair (g,m) as a new production name and extend opl™
so that op™((g,m)) = q. Intuitively, (q, m) represents an occurrence of q,
where the match m is needed to record the “history”.

— Extend the type graph T'™ by adding to it a copy of each item generated by
the application q, marked by (q,m) (in order to keep trace of the history).
The morphism o7 is extended consequently. Formally, the T-typed graph
(T, ™)y is replaced by glue g my (g, m, (T, pplnly),

— The production ©™ ({(q,m)) has the same untyped components as m(q). The
typing of the left-hand side is determined by m, and each item x in |Rq| —
rq(|dom(ry)|) is typed over the new item (z, (g, m)) of the type graph.

The most relevant property of the unfolding is the fact that it provides a
compact representation of the behaviour of G, and in particular it represents
all the graphs reachable in G, in the following sense. If T” is the type graph of
the unfolding of G, w7 : T' — T is the type graph component of the folding
morphism, and G is a subgraph of 77, let us denote by o7 (G) the same graph,
but typed over T by the restriction of the folding morphism, i.e., or(G) =
(G, 90T|G>~ Then the next result is an easy consequence of the characterization
of the unfolding as a right adjoint, shown in [9].

Theorem 16 (completeness of the unfolding). Let G = (T, G, P, ) be a
GTS. A T-typed graph G is reachable in G iff there exists a configuration C in
Conf(U(G)) such that G ~ pr(gr(C)).

3 Functorial Semantics: From Nets to sPO Grammars

In this section we discuss the role played by the unfolding construction in the
development of a functorial semantics, first for Petri nets and then for GTss.

3.1 A Coreflective Semantics for Petri Nets

In the theory of Petri Nets, the unfolding construction, whose generalization to
SPO grammars has been presented in the previous section, is the cornerstone
of a functorial semantics which has been developed by Winskel in [33], based
on previous works with Nielsen and Plotkin [27]. Winskel shows that there is a
chain of categorical coreflections (a special kind of adjunction), leading from the
category S-N, having safe (marked) P/T nets as objects and suitably defined
morphisms, to the category Dom of finitary prime algebraic domains, through
the categories O-N of occurrence nets and PES of prime event structures (PESS).

<I0cc) < N ’ P
S-N L >O-N 1 >PES ~ >D0m
u £ c

The first step is the construction unwinding a safe net N € S-N into its
unfolding U(N) which, as in the case of grammars, records in its branching
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and acyclic structure all the possible computations of the original net N. Every
possible transition occurrence (event) is identified uniquely in the unfolding by
its history, i.e., by the finite set of events which caused it, and events are related
by the causality and symmetric conflict relations induced by the intersections
of the pre- and post-sets: differently from the case of GTSs, in a (safe) Petri net
all conflicts are symmetric because transitions do not have a context. Functor
U(N) : S-N — O-N is the right adjoint to the inclusion functor O-N — S-N.

The subsequent step abstracts an occurrence net O to a PEs £(O), which is
obtained from the unfolding simply by forgetting the places, and remembering
only the events and the causality and conflict relations among them. From a
prime event structure E it is possible to generate freely an occurrence net N (F)
which is the “most general” among those having E as underlying PES. Such a
net is obtained by considering the events of E as transition occurrences, and
introducing, among others, one fresh place for every pair of events related by
causality or conflict in F, in order to enforce the same relationships in N(E).
This construction defines a left adjoint to functor £ : PES — O-N. The last
step, which establishes an equivalence between the categories PES and Dom,
maps any event structure to its domain of configurations.

3.2 Coreflective Semantics: From Nets to sSPO Grammars

During several years the first two authors cooperated with Ugo Montanari in a
project aimed at generalizing the coreflective semantics of nets to graph gram-
mars. At the beginning, most of the efforts were concentrated on the double-
pushout approach to graph transformation, and partial results were reported
in [II7]. Only quite recently, however, a complete Winskel’s style coreflective se-
mantics has been developed successfully for the SPO approach, as reported in [9],
and summarized by the following chain of adjunctions:

SPO-GG ‘ + [SP0-0G‘ L ,AES‘ &, Dom
Us Es La

Without delving into technical details, we summarize here the most challenging
problems we had to address during our project, and the way we faced them.
Obviously, the starting point is Definition [, describing the unfolding con-
struction at the level of objects. To extend it to a functor U, providing a right
adjoint to the inclusion of the category SPO-OG of occurrence grammars into
the category SPO-GG of general grammars, we first had to identify a sen-
sible definition of grammar morphism. The chosen notion, discussed in [I, is
more general than others proposed in the literature, and, unlike others, it coin-
cides with the Petri net morphisms of [33] when restricted to graph grammars
which represent Petri nets. Furthermore, inspired by corresponding results for
nets in [26], we considered semi-weighted grammars, a class that strictly includes
safe grammars, with the additional advantage of being characterized by a “static
condition”, not involving the behaviour but just the structure of the grammar.
Concerning the next adjunction in the chain, it is worth stressing here the
presence of the category of asymmetric event structures (AES) in place of PES.
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The point is that prime event structures, which only include the causality and
symmetric conflict relations, are not sufficient to capture properly the dependen-
cies among events of systems where productions may have a context, modeling
the read-only access to resources. In these cases, which include SPO grammars
and conteztual Petri nets, asymmetric conflicts (see Definition ) arise as a prim-
itive concept. This motivated the introduction of asymmetric event structures
(which are equipped with causality and asymmetric conflict), and the study of
their category AES, which is shown to contain PES as a coreflective subcate-
gory (see [8]). It is worth mentioning that, with the goal of providing an event
structure semantics for nominal calculi, in [I2] a simpler functorial semantics is
presented for a restricted class of persistent grammars, for which category PES
turns out to be sufficient, because asymmetric conflicts cannot arise.

Given an occurrence grammar O, the AES £,(Q) is obtained by considering
the productions as events, equipped with causality and asymmetric conflict as for
Definitions [ and 8l Moreover, a construction inspired by the work on contextual
nets [8] allows one to build a canonical occurrence SPO graph grammar N'(A)
from a given asymmetric event structure A, providing a left-adjoint to functor
Es (technically, this works when dealing with injective matches only).

The chain of coreflection is completed by using the fact that the equivalence
between PES and Dom generalizes to a coreflection between AES and Dom [g].

4 Verification of Finite State GTSs

In the approach originally proposed by McMillan for the analysis of Petri
nets [25] and further developed by many authors (see, e.g., [I7UI8I32]) the idea is
that given a finite state net, it is possible to identify a finite fragment of its un-
folding which is complete, i.e., which provides full information about the system
as far as reachability properties are concerned: this fragment can be character-
ized as the maximal prefix of the unfolding not including cut-off events, i.e.,
transitions which do not contribute to generating new markings.

In this section we summarize [5], where by exploiting the unfolding construc-
tion of Section 2.3, we have generalized McMillan’s approach to SPO GTSs by
introducing an original notion of “strong cut-off” (which takes into account the
fact that a production can have several different histories), and we have shown
how a finite complete prefix of the unfolding can be used to verify interesting
properties of the graphs reachable in the GTS.

4.1 Rewriting up to Isolated Nodes

In the work on verification of graph transformation systems summarized in this
and in the next section, we consider only systems consisting of node-preserving
productions, as introduced in Definition Bl and rewriting up to isolated nodes
(graphs which are isomorphic after deleting all isolated nodes are considered
indistinguishable). As far as the expressive power is concerned, this is a mild
restriction, since the deletion of a node can usually be modelled by leaving it
isolated: Conditions (ii) and (iii) of Definition B guarantee that isolated nodes do
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not take part to the rewriting. Also, this is consistent with the fact that the logic
we shall use for verification purposes (see Definition [22)) is not able to distinguish
graphs which are isomorphic up to isolated nodes.

In the rest of the paper, we will assume that all productions are node pre-
serving. Moreover, given any graph G and any subset of edges X C F¢g, we
denote by graph(X) the smallest subgraph of G having X as set of edges, and
we say that G and G’ are isomorphic up to isolated nodes, denoted G =G, if
graph(E¢g) ~ graph(Eg). Finally, for a fixed n € N, we say that a GTS G is
n-bounded if for each graph H reachable in G there is an n-injective graph H’
such that H'~ H, and a GTS is bounded or finite state if it is n-bounded for
some n € N.

4.2 Finite Complete Prefix of Bounded GTSs

A history of a production in a computation is the set of all the events which
must precede its application. Due to the presence of asymmetric conflicts, a
production ¢ does not have a unique history in general, because depending on
the specific computation we consider, some of the productions in asymmetric
conflict with ¢ might have been applied or not before q.

Definition 17 (history). Let O be an occurrence grammar, let C € Conf(O)
be a configuration and let ¢ € C. The history of q in C is the set of events
Clgl ={d € C:¢ /& q}, where /¢ is the restriction of /* to C. We denote
by Hist(q) the set of histories of q, i.e., Hist(q) = {C[q] : C € Conf(O)}.

Now, let G = (T, Gs, P,7) denote a GTS, fixed throughout the section, and let
Us(G) = (T', P',7’) be its unfolding with ¢ : Us(G) — G the folding morphism, as
in Definition I8 In order to identify a finite and complete prefix of the unfolding
of a bounded GTS, the idea is to avoid useless productions in the unfolding, i.e.,
productions which do not contribute to generating new graphs. The definition of
“cut-off event” introduced by McMillan for Petri nets in order to formalize such
a notion has to be adapted to this context since, as explained above, for graph
grammars a production may have different histories.

Definition 18 (cut-off). A production q € P" of the unfolding Us(G) is a cut-
of if there exists o' € P' such that or(gr(La]) = or(gr(lq])) and]L¢ ]| < |lal].

A production q is a strong cut-off if for all Cy € Hist(q) there exist ¢ € P’
and Cy € Hist(q') such that o1(gr(Cq)) = er(gr(Cy)) and |Cy| < |Cy|. The
truncation of G is the greatest prefiz T (G) of Us(G) not including strong cut-offs.

Theorem 19 (completeness and finiteness of the truncation). The trun-
cation T(G) is a complete prefix of the unfolding, i.e., for any reachable graph
G of G there is a configuration C in Conf(7T(G)) such that or(gr(C)) = G. Fur-
thermore, if G is bounded then the truncation T (G) is finite.

Unfortunately, neither the statement of the above theorem nor its proof (see
Appendix B of the full version of [5]) suggest a way to modify the unfolding
construction of Definition in order to obtain the truncation of a bounded
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GTS: this is because the notion of strong cut-off refers to the set of histories
of a production, that in general could be infinite. Only recently the authors
proposed an algorithm (see [6]) which solves a similar problem in the simpler
case of contextual Petri nets: we are confident that this algorithm can be adapted
to GTSs, but space constraints do not allow us to elaborate on that here.
Instead, a class of GTSs can be identified for which an obvious adaptation of the
unfolding construction does produce a finite complete prefix. It is characterized
by a property called “read-persistence”, since it appears as the graph grammar
theoretical version of the notion introduced for contextual nets in [32].

Definition 20 (read-persistence). An occurrence grammar O = (T, P, ) is
called read-persistent if for any q1,q2 € P, if g1 /" q2 then either q1 is a cause
of q2, or q1 and qo are in conflict, i.e., they cannot fire in the same derivation.
A aTs G is called read-persistent if its unfolding U(G) is read-persistent.

An adaptation of the algorithm originally proposed in [25] for ordinary nets and
extended in [32] to read-persistent contextual nets, works for read-persistent
GTSs as well, because in this case every production has a single history, and thus
the notions of cut-off and of strong cut-off of Definition coincide. Roughly,
for such GTSs a complete finite prefix can be obtained by slightly modifying the
inductive step of the construction of Definition as follows: the production
occurrences in the set M[™ have to be handled in increasing order according
to the size of the corresponding history, and a production occurrence has to be
added to the unfolding only if it is not a cut-off in the prefix computed so-far.

An obvious class of read-persistent systems consists of those GTSs where any
edge preserved by productions is never consumed. For instance, the GTs CP in
our running example is read-persistent, since CM, the only edge preserved by
productions, is never consumed. Its truncation is the grammar 7 (CP) depicted in
Fig.[2l Denote by T its type graph. Note that applying the production [release]
to any subgraph of T7 matching its left-hand side would result in a cut-off: this
is the reason why 7 (CP) does not include any instance of production [release].
The start graph of the truncation is isomorphic to the start graph of ¢Ts CP
and it is mapped injectively to the graph of types T'r in the obvious way.

4.3 Checking Properties of Reachable Graphs

Given a finite state GTS G, a complete prefix can be used to check whether
there exists at least one reachable graph satisfying a certain property F', or if a
property F'is an “invariant” of G, i.e., it is satisfied by all reachable graphs. The
graph properties of interest will be expressed as formulae of a quite expressive
logic called £2 (introduced below), whose induced logical equivalence on finite
graphs is “isomorphism up to isolated nodes”. That is, two finite graphs G and
G’ satisfy exactly the same formulae of £2 if and only if G ~G’.

Now, the usefulness of the truncation (or of any other finite complete pre-
fix) resides in the fact that since for each graph G reachable in G there is a G’
reachable in 7 (G) such that ¢ (G') =G, it is sufficient to consider the graphs
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Type graph

Fig. 2. The truncation 7 (CP) of the GTs in Fig. [Il

reachable in 7(G), retyped over T via pr(+). But we know that 7 (G) is an occur-
rence grammar, and thus the reachable graphs can be identified with subgraphs
of its type graph, which in turn are uniquely identified by their sets of edges,
because we rewrite up to isolated nodes.

Therefore, we can verify if F holds for all (some) reachable graphs by checking
that @r(graph(m)) = F for all (some) sets of edges m reachable in 7 (G). This
fact can be formalized in a convenient way by introducing a (safe) Petri net
“underlying” the truncation, and seeing a set of edges of 7 (G) as a marking of
such net. Furthermore, since this net is fixed and finite, it is possible to translate
every formula F' € £2 into a propositional formula over markings M[F] such
that, for any reachable marking m,

prgraph(m)) £ F iff  m = M[F).

In this way the original problem is reduced to a verification problem of a formula
over a Petri net, for which existing tools could be used.

Given an occurrence grammar (O, the underlying Petri net is an occurrence
contextual net (i.e., a Petri net with read arcs, see, e.g., [8I32]).

Definition 21 (Petri net underlying an occurrence grammar). The con-
textual Petri net underlying an occurrence grammar O = (T’, P’ x'), denoted
by Net(O), is the safe Petri net having the set of edges Ep: as places and a
transition for every production q € P, with pre-set ®*q N Eg, post-set ¢° N Eq
and context ¢ N Er/.

For instance, the Petri net Net(7 (CP)) underlying the truncation of CP (see
Fig.[2)) is depicted in Fig. Bl Read arcs are represented as undirected lines.

Next we define the monadic second-order logic £2 used for specifying proper-
ties of graphs typed over a fixed graph 7. Quantification is allowed over edges,
but not over nodes (as in [14]).
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5: PE 6: PE 7. PE 8: PE 9: PE 10: PE

Fig. 3. The Petri net underlying the truncation 7 (CP) in Fig.

Definition 22 (graph logic). Let X1 = {x,vy,...} be a set of (first-order) edge
variables and let Xo = {X,Y,...} be a set of (second-order) variables represent-
ing edge sets. The set of graph formulae of the logic L2 is defined as follows,
where £ € Ep, 1,7 € N:

F 2=a=y | ciz)=cily) | type(z) =0 | z€ X (Predicates)
FVF | =F | Jz.F |3X.F (Connectives / Quantifiers)

We denote by free(F) and Free(F) the sets of first-order and second-order vari-
ables, respectively, occurring free in F, defined in the obvious way.

Given a T-typed graph G, a formula F' in £2, and two valuations o : free(F') —
E\g| and X' : Free(F) — P(E|q)), the satisfaction relation G =4 x F' is defined
inductively in the usual way; for instance G =5 5 ¢ = y iff o(z) = 0(y), G Eo.x
type(z) = L iff tg(o(z)) =4, and G =, » z € X iff o(x) € X(X).

Interesting graph properties can be expressed in £2, such as the existence
or adjacency of edges with specific typing, and the absence of certain paths
or of certain cycles. Such properties may be used to represent in the graph
transformation model relevant properties of the system at hand, such as security
properties or deadlock-freedom.

Recall that a marking of a safe net is simply a subset of its places. The syntax
of the formulae over markings is

Qu=e|Q|QNQ|QVQ|true | false,
where e € Ep:.. These formulae are interpreted over markings of Net(7(G)):
m = e if e € m, and logical connectives are treated as usual.
As mentioned above, given a ¢Ts G and the truncation 7(G) (or any other
a finite complete prefix), any formula F' € £2 can be effectively translated to
a marking formula M[F| such that G satisfies F iff the Petri net Net(7(G))
underlying the prefix satisfies M[F]. We omit the details of the translation,
which can be found in [5], and we focus on the running example CP. Suppose,
e.g., that we want to check that all graphs reachable in our sample GTS CP satisfy
@, where @ is a L2 formula specifying that every engaged process is connected
through connection ¢y to exactly one other engaged process, i.e.,

& =Va.(type(x) = PE = Fy.(v £y A type(y) = PE A ca(x) = ca(y)
A Vz.(type(z) = PE N x# 2z A c2(z) = ca(z) = y = 2))).
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The encoding procedure leads to the formula @ = M [P]
Q=(:PE < 6: PE) AN (7: PE < 8: PE) A (9: PE < 10: PE)

which has to be checked for all reachable markings of the net of Fig. B An
efficient algorithm for checking if a marking formula is satisfied by at least one
reachable marking of an (occurrence) net Net(7 (G)) is presented in [5]: it exploits
the mutual relationships between items expressed by the causality, (asymmetric)
conflict and concurrency relations.

5 Verification of Infinite State GTSs

If a GTS is not finite state, obviously no finite prefix of the unfolding can be
complete in the sense of Theorem In this section we describe a framework,
developed in [MITOUIT], where behavioural properties of systems described as
(possibly infinite state) GTSs can be specified and verified. Here we consider
rewriting up to isolated nodes (see Section 1], and further we require matches
to be injective on edges.

Following the guidelines of the verification technique presented in the previous
section, the framework is based on finite approximations of the unfolding of a
given GTS which have an underlying Petri net structure. On these structures,
formulae of a suitable temporal logic interpreted over derivations of a GTS can
be verified, by first translating them to a simpler logic describing computations
of a fixed Petri net.

5.1 Approximating the Behaviour of GTss

A basic ingredient of our verification framework is a technique, proposed in [4I10],
for approximating the behaviour of GTSs by means of finite Petri net-like struc-
tures. More precisely, an approzimated unfolding construction allows to generate
from a given GTS G (which can be infinite state) suitable finite structures, called
coverings, which provide (over-)approximations of the behaviour of G.

The coverings of a GTS G are Petri graphs over G, i.e., (contextual) Petri nets
equipped with an additional graphical structure where the places play the role
of edges, while the transitions represent applications of the productions of G.

In the following, given a set A we denote by A® the free commutative monoid
generated by A, whose elements are finite multisets of elementsof A. If f : A — B
is a function, then we denote by f@: A® — B® its extension to multisets.

Definition 23 (Petri graph). Let G = (T, Gy, P, ) be a GTS. A Petri graph
K (over G) is a tuple (G, N, mg) where G is a T-typed graph and

— N = (Eg,Tn, *(),()*( ),pNn) is a place/transition Petri net, where the
set of places Eg is the set of edges of G, Tn is the set of transitions,
°(),()():Tw — Eg specify the pre-set, post-set and context of each tran-
sition and pn: Tn — P is the labelling function, mapping each transition to
a corresponding production;
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— mo € E& is the initial marking of the Petri graph, satisfying mo = .®(Eg,)
for a suitable graph morphism v : Gy — G (i.e., mg must properly correspond
to the initial state of G).

We will write m [q) m’ if a transition labelled by q € P is enabled at marking m
and its firing produces m’. A marking is called reachable (coverable) in K if it
is reachable (coverable) from the initial marking in the Petri net underlying K.

As an example, let Us(G) = (I7,P’',n’) be the unfolding of a GTs G =
(T,Gs, Py, and let (pr: T — T,pp: P’ — P) be the folding morphism,
as presented in Definition T3l Then it is possible to see the unfolding as a Petri
graph (G, N, mg) for G: the net component N is as for Definition 211 the labeling
of transitions is given by ¢p, G is the T-typed graph (T”, 1), and my is the set
of minimal edges, with respect to causality, of G.

The coverings of a GTS G can approximate its behaviour at different levels of
accuracy. For each k € N, the k-covering of G, denoted C*¥(G), over-approximates
the behaviour of G in the sense that every derivation sequence of G is mapped to
a valid firing sequence of (the Petri net component of) C*(G), and every graph
reachable from the start graph of G can be mapped homomorphically to (the
graphical component of) C¥(G), and its image is reachable in the Petri graph.
Furthermore, this over-approximation is exact up to causal depth k, in the sense
that each graph reachable in G in at most k£ derivation steps can be mapped
injectively to CF(G) (see Section [5.2)).

The algorithm for the construction of the k-covering of a GTs G works induc-
tively like the unfolding construction, but the classical unfolding steps, where
the application of a production to a given match is recorded by adding to the
type graph the newly generated items and to the set of productions the new
production occurrence, are interleaved with suitably defined folding steps, which
merge in the graphical part of the current Petri graph two occurrences of the
left-hand side of a production, if one causally depends on the other. The ter-
mination of the algorithm is ensured by giving higher priority to folding steps,
and the exactness of the approximation up to causal depth k by forbidding the
application of folding steps to items of smaller depth.

We define the depth of a transition t (an element of N U {o0}) to be the
length of the longest sequence ty < t; < ... < t, < t. The depth of an edge is
the maximum among the depths of transitions which contain the edge in their
post-set. The k-covering C*(G) of a aTs G = (T, Gy, P, ) is produced by the
last step of the following (terminating) algorithm which generates a sequence
K; = (Gi, N;,m;) of Petri graphs over G.

1. Ko = (Go, No, mo), where the net Ny contains no transitions and mg = Eg,.
2. As long as one of the following steps is applicable, transform K; into K1,
giving precedence to folding steps.
Unfolding. Find a production ¢ € P with n(q) : L, — R, and a match
n: Ly — G such that n®(ELq) is coverable in K;. Then extend K; by
gluing R, to G; (as described in Definition [[4) and add a new transition,
labelled by ¢, representing the application of production gq.
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Folding. Find a production ¢ € P with n(¢) : Ly — R, and two matches
n,n': Ly — G, at depth greater than or equal to k&, such that

— n®(EL) and n/®(EL) are coverable in N; and

— the first match has been unfolded with the introduction of a transition

t and the second match causally depends on t.

Then merge the two matches, by setting n(e) =n/(e) for each e € Ef,, and
factoring all components of K; through the equivalence relation induced by
= on edges, nodes and transitions.

For example, if we extend the G¢TS CP of Example [ with production [fork]
(see Fig. M) that models the forking of a non-engaged process, we obtain an
infinite state system: in fact graphs with an unbounded number of processes
are reachable. If we compute the coarsest approximation, i.e., the 0-covering, we
obtain the Petri graph shown in Fig. M (edge and node identities are omitted):

[fork]

Fig. 4. Additional rule [fork] (left) and Petri graph over-approximating the GTs (right)

Several structures have been merged, for instance all engaged and all non-
engaged processes. This happens because all three initial processes will be the
cause of another future process, causing the fusion of all of them.

Despite the fact that the graph underlying the Petri graph is not very different
from the type graph of the GTs, there are still some interesting properties of the
system that can be proved by exploiting the 0-covering, using the techniques
described in the next section:

— There is always exactly one communication manager.

There will always be at least three processes (engaged or non-engaged).
— The number of engaged processes is always even.

— No engaged process is ever connected to a non-engaged process.

Due to the simplicity of the running example, these properties could easily be
proved also as invariants of the transformation rules. For more complex examples
we refer the reader to [412].

5.2 Verifying Behavioural Properties of GTss

As mentioned above, the k-covering C*(G) over-approximates the behaviour of
the original ¢Ts G. In order to formalize this fact, we will first generalize the
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notion of a subgraph generated by a set of edges (introduced at the end of
Section [L]) to a graph generated by a marking: Let (G, N, mg) be a Petri graph
and let m € Eg be a marking of N. The graph generated by m, denoted by
graph(m), is the T-typed graph H without isolated nodes (which is unique up
to isomorphism) such that there exists a T-typed morphism ¢ : H — G injective
on nodes with ¥®(Ey) = m.

Proposition 24 (simulation). Let G be the set of graphs reachable from Gy
in G and let M be the set of reachable markings in C*(G) = (G, N,mq). Then
there exists a simulation S C G x M with the following properties:

— (Go,mp) € S;

— whenever (G',m’) € S and G' =, G”, then there exists a marking m'" with
m' [q) m” and (G",m") € S;

— for every (G',m') € S there exists an edge-bijective graph morphism
©: G" — graph(m').

The simulation relation just described, whose existence can be proved fairly
easily by construction, allows one to exploit the finite k-covering C*(G) to verify
certain properties of the reachable graphs of GTS G. In fact, if a given property
over graphs F' € L2 is reflected by edge-bijective graph morphisms (i.e., if f :
G — @ is edge-bijective and G’ | F then G | F), then if F is satisfied by
graph graph(m) for all markings m reachable in C*(G), it is also satisfied by all
graphs reachable in G.

A couple of considerations are in order here. First, unfortunately it is undecid-
able if a formula of £2 is reflected by edge-bijective morphisms, but a syntactic,
sufficient criterion based on a simple type system is presented in [I1]. Second,
the Petri net underlying the k-covering is finite, but in general it is not finite
state. Nevertheless, several verification techniques and tools have been developed
for the analysis of nets, and thus the possibility of reducing the verification of
a property from reachable graphs of a GTS to reachable markings of a net is of
high pragmatic value.

To this aim, following the guidelines we have described in Section for fi-
nite state GTSs, first we introduced multiset formulae which are evaluated on
markings of the k-coverings: their syntax is obtained by extending the one pre-
sented in Section 3] with the atomic formula #e < ¢ for ¢ € Eg and ¢ € N,
meaning the number of tokens in e is smaller than or equal to c. Next we
have provided an encoding My of £2-formulae into multiset formulae, such that
graph(m) = F <= m [= M,[F] for every reachable marking of C¥(G). This
translation is a kind of quantifier elimination procedure, which is possible be-
cause the graph underlying C*(G) is finite.

Finally, we enriched the verification framework with a temporal logic called
wL2, which is a propositional p-calculus where atomic propositions are formulae
of £2. The formulae of L2 are interpreted over a graph transition system, i.e., a
transition system where the states are graphs, and their syntax is the following:

Mu= F|X|OM|OM|~M| M VM| M AM|pXM|vX.M
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where F' ranges over closed formulae in £2 and X € & are proposition variables.
Intuitively, an atomic proposition F' € £2 holds in any state (graph) satisfying F’
according to the discussion after Definition 221 A formula ¢M / OM holds in a
state if some / any single step leads to a state where M holds. The connectives
—,V, A are interpreted in the usual way, and the formulae pX.M and vX.M
represent the least and greatest fixed point over X, respectively.

Now, for suitable fragments of logic L2, e.g., the fragment OpL2 without
negation and the “possibility operator” <. by Proposition and exploiting
general results in [24], we can translate a temporal formula M over G where
the atomic propositions are reflected by edge-bijective morphisms to a temporal
formula Ms[M] over markings (using for atomic propositions the encoding men-
tioned above), ensuring that if C¥(G) = My[M] then G = M, i.e., M is valid
for the original GTs. We conclude by recalling that temporal state-based logics
over Petri nets, i.e., logics where basic predicates have the form #s < ¢, are not
decidable in general, but important fragments of such logics are [20].

6 Conclusions

We presented an overview of the work on the unfolding semantics of GTSs, dis-
cussing its role for the development of a functorial concurrent semantics for GTSs
and its possible applications to the verification of (infinite and finite state) sys-
tems modelled as GTSs. We used the SPO approach since due to the absence of
the dangling condition it provides us with a more elegant unfolding semantics,
but a large part of the theory can be equally developed for the DPO approach.
For the approaches to verification, which deal with node-preserving grammars,
the choice between SPO and DPO is immaterial.

The framework can appear fairly abstract and theoretical in nature. However,
a prototype tool called AUGUR [2I] has been implemented for computing the
k-covering of a given graph transformation system. The current implementation
is restricted to rules with discrete contexts. The tool can be downloaded at
http://www.ti.inf.uni-due.de/research/augur 1/. The input and output
of AUGUR is in GXL and GTXL, an XML standard for the exchange of graphs
and graph transformation systems. Suitable converters have been added in order
to visualize rules and Petri graphs and to extract the Petri net component of a
Petri graph, which can then be analyzed with standard algorithms for nets.

Concerning the verification of finite state systems, the approach based on the
construction of a finite complete prefix of the unfolding currently only applies
to a special class of aTss (read persistent GTss). The problem of generalising
the technique to the full class of GTSs is still open. An algorithm solving a
similar problem in the simpler case of contertual Petri nets has been proposed
recently [6] and we are confident that this can be adapted to GTSs.

A very stimulating direction of further research is the extension of the work
on unfolding to the setting of rewriting systems over adhesive categories. Adhe-
sive categories [22] have been recently introduced as an elegant and extremely
general framework where the algebraic approaches to rewriting can be developed,
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encompassing rewriting on (several brands of) graphs and more general graphical
structures like bigraphs or UML models. An unfolding theory for adhesive rewrit-
ing systems would thus apply uniformly to all these structures. Some promising
steps have been taken in [3], which develops a concurrent semantics for adhesive
rewriting systems based on deterministic processes.
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Abstract. We illustrate two ways to address the specification, modelling
and analysis of dynamic software architectures using: i) ordinary typed
graph transformation techniques implemented in Alloy; ii) a process al-
gebraic presentation of graph transformation implemented in Maude. The
two approaches are compared by showing how different aspects can be
tackled, including representation issues, modelling phases, property spec-
ification and analysis.

1 Introduction

It is about 30 years ago when Ugo Montanari started to promote the use of graphs
and graph grammars as a multifaceted, unifying framework for the specification,
modelling and analysis of concurrent and distributed systems [T2JT6/17].

Since then, the way in which software artifacts are conceived and their en-
gineering practices have evolved, but Ugo Montanari has always been able to
extend the foundations of the graph-based approach along innovative ideas so
to adapt it to emergent computational paradigms and software development
techniques.

In particular, Ugo Montanari is collaborating within the EU funded project
SENSORIA [38] to the development of a novel, comprehensive approach to the en-
gineering of software systems for service-oriented computing. Within SENSORIA,
many efforts are devoted to the proposal and validation of sound architectural
design [I4139] principles, that focus on architectural styles governing the overall
structure of software systems in terms of components, their logical interrelation-
ship and their spatial distribution. Architectural styles establish the rationale
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for certain classes of architectures, e.g. patterns that should be fulfilled also in
the presence of reconfigurations and that can even trigger and drive efficient
reconfigurations.

There are many typical questions that arise during the design and analysis of
software architectures. How do we represent architectures? How do we formalise
architectural styles? How do we construct style conformant architectures? How
do we model software architecture reconfigurations? How do we ensure style
consistency? How do we express and verify architectural properties?

In this paper we compare two graph-based approaches to the specification
and modelling of architectural designs. Both approaches are aimed to validate
prototypical applications before their realisation and deployment.

The first approach is inspired by the tradition of algebraic approaches to graph
transformation [19], an area of research in which Ugo Montanari has played a rel-
evant role. The approach follows [5] and models dynamic software architectures
using typed graph grammars (TGG).

The second approach is a recent proposal called Architectural Design Rewrit-
ing (ADR) [6/78]. ADR has been conceived by combining and reconciling appar-
ently different formalisms, very much in the spirit that pervade many other Ugo
Montanari’s contributions. In particular, ADR takes inspiration of research lines
in which Ugo Montanari has been deeply involved like graph-grammar based
approaches to architectural styles [26], graphical models of process algebras [21]
and rewriting formalisms [23].

We show the feasibility and effectiveness of TGG and ADR by implementing
them using high-performant, state-of-the art formal tools. The implementation of
TGG is based on Alloy [27] a light-weight approach to the modelling and analysis
of software models that is raising the interest of leading researchers in the area
of software architectures (see e.g. [32]). The implementation of ADR is based
on Maude [I3], a high-performance tool implementing Rewriting Logic [36]. We
refer to the two implementations as TGG4 and ADR,.

The main aspects on which we focus are concerned with:

Architectural Representation, i.e. convenient ways to represent a software ar-
chitecture, to build it, to browse it;

Architectural Styles, i.e. convenient ways to constrain architectures under con-
sideration to satisfy certain requirements;

Architectural Properties, i.e. convenient logical formalisms to express relevant
architectural properties;

Architectural Analysis, i.e. efficient techniques and tools for verification.

We show how to tackle these aspects with both approaches. The outcome of
our experience suggests that TGG is better suited for an early phase of the de-
velopment, where the architectural constraints imposed by the style are defined
in an iterative process of refinement of the model and style, assisted by model-
finding techniques. Instead, ADR is more convenient for a more advanced phase,
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Fig. 1. The road assistance scenario

where the style is well established and structured, thus enabling flexible and
powerful reconfigurations and efficient analysis via model checking.

This paper is structured as follows. Section [2] presents our running example.
Section [3 offers a brief background on our design and analysis setting. Section F]
and [B describe TGG4 and ADRyy, respectively. Section [6] compares both ap-
proaches with a special focus on analysis issues. Section [] gives some pointers
to related works. Section [ concludes the paper and suggests future research
avenues. Along with the paper we present flashes of code. For a complete vision

we refer to [GITS].

2 Running Example: Road Assistance Scenario

We use as running example a simple bike scenario (see [§]), an ecological variant
of the automotive case study of Sensoria. A road assistance service platform
is supported by a wireless network of ad hoc stations that are situated along
a road. Bikes are equipped with electronic devices that can access services as
they move along the road, e.g. to request assistance in case of breakdowns. The
graph in Figure [l depicts a simple architecture of such a system. Each bike (&®)
is connected to the service access point (o) of a station (&) which is possibly
shared with other bikes. A station and its accessing bikes form a cell. Stations,
in addition to the service access point, use two other communication points that
we call chaining point (e). Such points are used to link cells in larger cell-chains.
Bikes can move away from the range of the station of their current cell and enter
the range of another cell. A handover protocol supports the migration of bikes to
adjacent cells as in standard cellular networks. Stations can shut down, in which
case their orphan bikes call for a repairing reconfiguration. We shall consider two
shutting down situations: one in which the adjacent stations are able to bypass
the connection and adopt all orphan bikes and another in which the bypassing
is not possible and orphan bikes switch from their normal mode of operation to
a cell mode (£45¢), in which they become standalone stations.

The style of our example is the set of all architectures made of a connected
chain of stations (or bikes in station mode) to which any bike is attached. This
is a simple but very comprehensive example since it mixes features of well-
known architectural styles. Indeed, the style underlying bikes and stations is
basically a client-server architecture, while chains of cells resemble pipes-and-
filters architectures.
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3 Design and Analysis of Dynamic Software Architectures

The architecture of a software system basically consists of the structure of com-
ponents and the way they are interconnected. Components are high-level com-
putational and data entities that can range from a distributed application to
a single thread, from databases to a simple data container. An architecture is
dynamic if it can change during run-time. Typical changes, which are called re-
configurations, include components joining and leaving the system or changing
their connections and are usually required for load balancing, fault-recovery and
redimensioning software systems.

3.1 The Design of Software Architectures

The first aspect to consider in the design of a software architecture is the
formalism used to describe it. Various formalisms exist ranging from the more
theoretical graph-based approaches to implementation-oriented architectural
programming languages (APLs) such as Java/A [28], passing through architec-
tural description languages (ADLs) [35].

When designing an architecture, it is desirable to consider the concept of an
architectural style [39], i.e. some set of rules or patterns indicating which compo-
nents can be part of the architecture and how they can be legally interconnected.
An architectural style can also be seen as a (typically infinite) set of valid ar-
chitectures. Typical architectural styles include client-server, pipes-and-filters,
layered, multi-tier and peer-to-peer.

There are basically two approaches to the definition of an architectural style.
The first approach consists in defining a grammar that allows to produce all the
instances of the style. This is the approach first proposed in [37] and subsequently
followed in [26], a piece of work which constitutes the main inspiration of ADR.
The second approach defines a set of architectural constraints that forbid or
require some structural properties. Various approaches, for instance [32], use the
Alloy language [27] to specify such constraints.

In this paper we adopt graphs as a suitable formalism to describe software ar-
chitectures. The use of graphs as both the specification and the execution model
combines the user-friendly visual representation with the formal theory for graph
rewriting. One of the advantages in the combined use relies on the fact that archi-
tectural information can be encoded itself as part of the graphs, allowing for the
uniform modelling of dynamic aspects such as computation, discovery, binding
and reconfiguration, as graph transformations. Particularly, each architecture is
represented by a hypergraph where components (resp. connectors) are modelled
using hyperedges and their ports (resp. roles) by the outgoing tentacles. Compo-
nents and connectors are attached together connecting the respective tentacles
to the same node. Through the paper, we shall omit the prefix ‘hyper’ for sim-
plicity. Ordinary directed graphs are a particular instance of hypergraph where
each edge has two tentacles.
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3.2 The Analysis of Architectural Properties

We consider mechanisms to express and verify the properties that we expect to
be satisfied by software architectures.

Structural properties. Structural properties regard the topology of the architec-
ture, i.e. the way components are interconnected. Note that the style definition
can be considered as a special structural property. In the running example, we
could consider properties regarding the number of bikes present in a cell or the
effective existence of a path from the leftmost cell to the rightmost one.

Behavioural properties. Behavioural properties regard the dynamism of the ar-
chitecture, i.e. the state space given by an initial architecture and its possible
reconfigurations. In the running example, such properties might be the absence
of deadlocks or the fact that a migration is always possible.

Among the class of properties explained above we shall focus and emphasise
those that regard architectural styles. For instance, style conformance is a struc-
tural property that requires an architecture to be an instance of a style while
style preservation requires all reconfigurations to preserve the style, i.e. that any
reconfiguration of a style-conformant architecture results in a style-conformant
architecture.

We shall consider the following analysis techniques:

Model finding. We consider the problem of analysing the state space of all pos-
sible architectures. Such analysis can serve as a computer-aided design process
or as a debugging method to find out inconsistencies in the model or in its
specification

Model checking. We consider the problem of verifying that a given architecture
satisfies some structural or behavioural property expressed in a suitable logic.

Style matching. We consider the problem of determining whether an architecture
is conformant to a certain style or whether a reconfiguration is style preserving.

4 Typed Graph Grammars with Alloy

The approach described in this section follows what discussed in [B] and it is
based on the modelling of dynamic software architectures using typed graph
grammars. The tool that supports this approach is Alloy [27]. Alloy provides
a description language to represent software models, based on signatures and
relations, which is suited for a set-theoretic presentation of graphs. Alloy also
provides a logic, based on an extension of first-order logic with relational oper-
ators, to represent properties or constraints of models. We have used this logic
to implement concepts like architectural styles, graph transformation rules and
architectural properties. The Alloy Analyzer translates the model and the logical
predicates into a (usually large) Boolean formula, uses efficient SAT solvers to
decide satisfiability and provides a counterexample in negative case. We will show
how to use these capabilities to ensure style-consistency, perform model-finding
and validate architectural properties.
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4.1 Designing Software Architectures

Architectures. We model software architectures using typed graphs.The three
basic concepts in the implementation of graphs are nodes, labels and edges that
we represent as Alloy signatures:

abstract sig Node{}
abstract sig Label{}
abstract sig Edge

{

conn: Label->lone Node

}

According to the above definition, nodes and labels are atomic concepts, but
edges have a relation (field) conn that maps each label to nodes. The multiplicity
keyword lone in its declaration indicates that each label is mapped to at most
one node. The previous signatures are marked abstract, which means that
they have no element except those belonging to its signatures. Indeed we use
subsignatures of Node, Edge and Label to represent concrete graph elements.

The signature Graph is used to define a graph as a structure made of nodes,
edges and labels.

abstract sig Graph
{

he: set Edge,

n: set Node,

1: set Label
}

In order to forbid ill-formed graphs we have defined some constraints, requir-
ing for instance that the edges connect to nodes in the same graph. In Alloy
the constraints of a model are organised into paragraphs. Constraints that are
assumed always to hold are recorded as facts. In the following code we present
some facts that we have defined to ensure a clear and efficient presentation of
graphs, like requiring different graphs not to share items.

// two Edges must have different set of labels (ports)
all el,e2:Edge | el!=e2 => (first[el.connl&first[e2.conn]) = none

// two Graphs have different node sets
all gl,g2:Graph | gl!=g2 => #(gl.n & g2.n)=0

// two Graphs have different edge sets
all gl,g2:Graph | gl!=g2 => #(gl.he & g2.he)=0

// two Graphs have different label sets
all gl,g2:Graph | gl!=g2 => #(gl.1 & g2.1)=0

Architectural Styles. We represent an architectural style as a set of basic elements
(modelled by a type graph plus a set of invariant constraints indicating how these
elements can be legally connected). We define an Alloy module called STYLE that
contains all these elements. It is subdivided in two parts, the first part defines
basic elements of the style and the second one defines useful constraints.

Below we see the definition of each basic element using singleton extensions
of Node, Label and Edge signatures. Note that some of them include facts in
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their body. For instance, a Bike component must have only one connection
using an Access label to the Access Point node. These definitions are enough
to represent the type graph.

// Bike-Style basic elements

abstract sig Access_Point, Chain_Point extends Node{}

abstract sig Access extends Label{}

abstract sig Left extends Label{}

abstract sig Right extends Label{}

abstract sig Bike extends Edge{}

{
#conn=1 and
conn.univ in Access and // Projection of first column in conn
univ.conn in Access_Point // Projection of second column in conn

}

abstract sig Bikestation extends Edge{}
{
#conn=2 and
conn.univ in Left+Right and
univ.conn in Chain_Point

}

abstract sig Station extends Edge{}

{
#conn=3 and
conn.univ in Left+Right+Access and
univ.conn in Chain_Point+Access_Point

}

The graphical representation in form of a type graph is depicted in Figure 2l
Basically, a type graph offers a suitable way to type the items of a graph in a
consistent manner. The idea is that the typing of a graph G over a type graph
T is modelled by a total graph morphism from G to T'.

The code below presents an excerpt of the additional facts needed to define
our architectural style.

fact Style_constraints

{

// if two stations are connected, they share one unique node

all disj si1,s2: Station |
attached[s1,s2]=>#(last[sl.conn]&last[s2.conn]) = 1

// each Chain_Point node has at most two and at least one edge connected
all cp: Chain_Point | #(conn.cp)>0 and #(conn.cp)<=2

In order get an instance of the style, generated from the previous code, we
use a dummy predicate instance with empty parameters and body. A predicate
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in Alloy is a constraint used to characterise some models of interest. Command
run is used to find an instance of a predicate. For instance, we ask for a graph
to be generated with a scope of at most two edges, one node and two labels as
follows:

run instance for 1 Graph, 3 Station, 2 Bikestation, 4 Bike, ...

When we run the code above the Alloy Analyzer generates an instance and
we can ask for a different one. One such instance is depicted in Figure [l with
our graphical notation.

Dynamism. The reconfiguration of a software architecture is described by a set of
rewriting productions that state the possible ways in which an architecture may
change. Each rule is defined as a partial, injective graph morphism p : L — R,
where L and R are graphs, called the left- and right-hand side. Given a graph G
and a production p, a rewriting of G using p is realised using a single-pushout
graph transformation approach [19] (see Fig. Bl). Operationally, the rewrite is
applied by finding a suitable match m (i.e. an occurrence of L in G) and the
result is the graph obtained from G by removing that instance of L and releasing
a fresh instance of R. Moreover, there can be items shared by L and R that are
required to trigger the rewrite, but are just preserved by the transformation
(some sort of interface, needed to properly attach the fresh copy of R to the
existing items in G).

In order to implement what introduced above in the Alloy module called TGG
we have defined various signatures and predicates that are used to execute a
reconfiguration applying the SPO-based approach. First of all we have defined
an abstract signature called Fun that will be used to define partial and total
morphisms, matchings and productions. This signature has three fields that rep-
resent nodes, edges and labels functions mapping.

abstract sig Fun

{
fN: set Node -> set Node,
fE: set Edge -> set Edge,
fL: set Label -> set Label

}

This signature can be used, for example, to define a partial morphism among
two graphs. Moreover, in order to verify if a partial morphism among two graphs
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exists, we have defined the isPartialMorphism predicate that takes in input
two graphs (i.e. G and H), the respective typing functions (i.e. t1 and t2) and a
mapping function (i.e. £). The predicate tries to find a partial morphism from G
to H, executing the set of constraints defined in its body.

pred isPartialMorphism [G: Graph, H: Graph, f: Fun, t1, t2: Tau]

{
first[f.fE] = G.he
first[f.£fN] = G.n
first[f.fL] = G.1
all el1:G.he | all n1: G.n |
all 11: G.1 | (11->n1) in el.conn =>
f.fL[11]->f . fN[n1] in f.fE[el].conn &&
t1.tauL[11]=t2.taul [f.fL[11]]
}

A production is defined using the signature Production that consists of a
left- and right-hand side graphs and the morphism indicating the items being
preserved.

abstract sig Production

{
lhs: Graph,
rhs: Graph,
p: Fun

}

Using Alloy, we declare the signature of the previous production as a singleton
extension of Prod and define facts that characterise the left- and right-hand side
graphs. The rule that specifies the connection of a bike to a station is shown
in Figure d and it is defined by the code below (where the obvious definition of
rhs1 is omitted for simplicity).

one sig lhsl extends Graph{}

{
he = s2
n = cp3 + cp4 + ap2
1 =12+ 1r2 + a2

s2.conn = 12->cp3 + r2->cp4 + a2->ap2
}

one sig rhsi extends Graph{} { ... }
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one sig pl extends Fun{}

cp3->cp5 + cp4->cp6 + ap2->ap3
s2->83
11->13 + r2->r3 + a2->a3

el
h
=
oo

one sig connect_bike extends Production{}
{

lhs = lhsl, rhs = rhsl, p = pl
}

A single reconfiguration step is implemented using two distinct predicates
(i.e., rwStepPre and rwStepPost. They are used to verify conditions that must
hold in the host and target graph. The predicate rwStepPre checks the well
formedness of the production Pr and the validity of matching m1 of the left-side
of the production (i.e., Pr.1hs) in the host graph G.

pred rwStepPre[Gl:Graph, Pr: Production, ml: Fun, t1:Tau, t2:Tau, t3:Tau, t4: Tau ]
{
// t1 defines types for G1, t2 defines typed for Pr.lhs
isProd[Pr,Pr.p, t2,t3]
// a production rule is applicable to a graph Gl if there is a matching of 1lhs into G1
isMatch[Pr.1lhs,G1,M1,t2,t1]

rwStepPost is responsible to execute a single SPO-based rewriting approach
generating two morphisms m2:Pr.rhs — G2 and r2:G1 — G2 and the target
graph G2.
pred rwStepPost[G1l:Graph, G2:Graph, Pr: Production, ml:Fun, m2:Fun, ril:Fun,
r2:Fun,t1:Tau, t2:Tau,t3:Tau,t4:Taul
{
// ml : L->G1
isMatch[Pr.lhs,G1,ml1,t2,t1]
//m2: R->G2
isTotalTGM[Pr.rhs,G2,m2]

// r2: G1->G2
isPartialMorphism[G1,G2,r2]

4.2 Analysis in Alloy

Structural Properties. In the Alloy language, assertions are constraints that
should follow from the facts and must be checked. Using the Alloy Analyzer, it is
possible to validate assertions, by searching for possible (finite) counterexamples
for them, under the constraints imposed in the specification of the system. It is
hence possible to specify that a given property P is invariant under sequences of
applications of some operations. In our case this operation is the rewriting step
that from an initial graph G and a production P generated a new graph G’. A
technique useful for stating the invariance of a property P consists of specify-
ing that P holds in the initial graph, and that for every non initial graph and
rewriting operation, the following holds: P(G) and rwStep(G,G’) — P(G’).
For this objective we have defined a set of properties that each architecture,
after a rewriting step must satisfy. This set is memorised in an Alloy module
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called PROPERTIES. Structural properties are specified in Alloy defining functions
and logical predicates. For instance, we have defined a predicate to express the
property that there exists an acyclic path formed by stations that connects the
left- and right-most stations. Functions leftmost and rightmost in the code
below identify the left- and right-most stations of an architecture. In order to
check this property we use the transitive closure of relation next.

fun leftmost[g:Graph,t:Tau] :one Edge {let e={e:g.he | t.tauE[e]=S and none= e. next}| e }

pred Propertyl [G:Graph,t:Taul{ rightmost[G,t] in leftmost[G,t]. next }

Behavioural properties. Behavioural properties such as style preservation are
suitably specified using DynAlloy [22], an extension of the Alloy language with
syntactic sugar to define actions as a model of state changes. An action is the
means by which the Analyzer transforms the system state after its execution.
Regular expressions over actions and predicates can then be combined to express
to express complex behavioural properties [22]. This issue is ongoing work [9].

5 Architectural Design Rewriting with Maude

The approach presented in this section is based on ADR [§], a formal frame-
work for the development and reconfiguration of software architectures based on
term-rewriting. An architectural style in ADR, consists of a set of architectural
elements and operations called design productions which define the well-formed
compositions of architectures. Roughly, a term built out of such ingredients con-
stitutes the proof that a design was constructed according to the style, and the
value of the term, called design, is the constructed software architecture.

The tool support for the approach is based on Maude [I3]. Maude naturally
supports most of the features of ADR and also provides a powerful set of tools
in the same framework including a model checker and a theorem prover.

5.1 Designing Software Architectures with Maude

Architectures. Software architectures and their constituents are represented uni-
formly in ADR, by suitable graphs that we call designs. One difference with the
TGG 4 approach is that designs add an interface to the graph representing the
architecture. The interface of a design is represented by an edge. The internal
structure (called body) of a design is the architecture graph.

We have implemented various modules named GRAPH-* with the necessary
machinery to construct graphs. Designs are implemented in a functional module
called DESIGN, which includes the definition of the sort Design, a constructor
operation design and an operation to replace a hole in a design (representing an
unspecified part of the architecture) by a design whose interface is compatible
with the hole.

Below we include an excerpt of module DESIGN. First, we see the declaration
of sort Design. In a next line, the type of operation design is defined: it builds a
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Fig. 5. Some design productions

design from a typed graph (here implemented as graph morphisms) representing
the interface, a typed graph representing the body, a mapping relating the nodes
in the interface with those in the body, and a list of edges representing holes.
Membership equations not shown here take care of the well formedness of the
design. Last, the type of operation apply is defined: it takes two arguments of
type Design (the first intended to have a hole and the second being the design
with proper interface to be placed in the hole) and returns the Design after
the replacement. This complex operation basically implements the concept of
type-consistent hyper-edge replacement [24].
sort Design .

op design : GraphMorphism GraphMorphism Map{Node,Node} List{Edge} -> Design .
op apply : Design Design -> Design .

Architectural Styles. The principle of ADR consists in defining an architectural
style as a suitable algebra over designs. This approach can be seen as an alge-
braic recasting of context-free graph grammar-based approaches to architectural
styles [37]. So, while in TGGs a style is given by logical predicates that forbid
illegal architectures, in ADR the style is given by a generative mechanism that
allows us to construct legal architectures only.

In Maude we define an architectural style as a set of sorts (the architectural
types) which are subsorts of Design, a set of operations, called design produc-
tions, on such sorts (the legal ways of composing designs) and an interpretation
of terms as designs.

Below we show an excerpt of module BIKE-STYLE which implements the ar-
chitectural style in an abstract manner (i.e. no interpretation over designs is yet
defined). Sorts Cells and Bikes are the types of the whole system (a chain of
cells) and the type of bikes allocated in the cells, respectively. We see construc-
tors nocell and bikestation, respectively representing an empty cell and a cell
formed by one bike in station mode. Operation cell-with-stationallows to con-
struct from a collection of bikes (the inclusion of a fresh station is embedded in
the operation), while chain builds a chain of cells by concatenating two chains of
cells. Observe that one can annotate operations with axioms such as the associa-
tivity of chain or the fact that it has nocell as identity. Some of these produc-
tions are graphically represented in Fig. Bl Roughly, double boxes correspond to
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the parameters, the dotted boxes enclose the result of the productions, with the
corresponding codomain type in its left corner, while waved lines indicate how in-
ternal nodes are exposed in the interface.

sort Cells . *** Chain of cells
sort Bikes . *** Collection of bikes

op nobike : -> Bikes .

op bike : -> Bike.

op bikes : Bikes Bikes -> Bikes [assoc comm id: nobike]
op nocell : -> Cells .

op bikestation : -> Cells .

op cell-with-station : Bikes -> Cells .

op chain : Cells Cells -> Cells [assoc id: nocell]

Dynamism. Contrary to TGG, reconfiguration rules in ADR are defined as
rewrite rules over design terms, instead of over plain graphs or designs. In addi-
tion, ADR rules can be conditional, labelled and inductively defined and can be
used to define complex behaviours and reconfigurations.

Below we see rule migrate-right (see Fig. [d]). Note that because bikes is
associative, commutative and has nobike as identity element, the rule can be
matched to perform the migration of any number of bikes, while in TGG4 we
have a rule able to migrate one bike at each step, only.

rl [migrate-right] : chain(cell-with-station(bikes(x1,x2)),cell-with-station(x3))
=> chain(cell-with-station(x1),cell-with-station(bikes(x2,x3))) .

The module also includes the more complex reconfiguration that deals with
shutdown by repairing the connection with an ad-hoc chain of bikes in station
mode. Rule bike2cell allows a bike to reconfigure itself into a bike in station
mode using label >tocell. Rule bikes2cell allows to propagate such reconfig-
urations inside collections of bikes. Finally, rule cell2chain allows reconfigure
a station whenever the corresponding bikes are reconfigured into a chain of cells.

rl [bike2cell] : bike => {’tocelll}bikestation .

crl [bikes2cell] : bikes(x1,x2) => {’tocell}chain(y1l,y2)
if x1 =/= nobike /\ x2 =/= nobike /\ x1 => {’tocell}yl /\ x2 => {’tocell}y2 .

crl [cell2chain] : cell-with-station(xl) => y1
if x1 => {’tocell}yl .
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5.2 Analysis with Maude

The property specification mechanisms of our approach is based on the use
of suitable logics to reason about structural and dynamic aspects of software
architectures.

Structural Properties. Recall that contrary to TGGa4, ADRj; considers two
aspects of the structural information of a software architecture: the design term,
which can be seen as an abstraction, a proof of style conformance or an encoding
of the construction process, and the design itself. We use different logics to reason
about each aspect.

A natural and structured way to reason about design terms is the use of a
suitable spatial logic (e.g. [11I34]). Basically, for each design production f used
to compose designs the logic incorporates a spatial operator £-so to decompose
a design. For instance, formula chain-so(phil,phi2) is satisfied by all those
designs of the form chain(x1,x2), where design x1 satisfies formula phil and
design x2 satisfies formula phi2.

As an example consider the property that states a collection of bikes has at
least n bikes. We see that this property can be inductively defined as below.
For n equal to zero the formula always holds. For n + 1 (we use the successor
constructor s below) the formula holds whenever the term is decomposable as
the composition via operation bikes of one bike (bike-so) and a term with at
least n bikes.

op at-least-k-bikes : Nat -> Prop .
vars n : Nat .

eq at-least-k-bikes(0) = True .
eq at-least-k-bikes( (s n )) = bikes-so(bike-so,at-least-k-bikes(n)) .

Our implementation also includes Courcelle’s Monadic Second-Order (MSO)
logic [I5]. The rough idea is that the logic allows us to quantify over sets of nodes
and edges. This allows us to reason about the complex interpreted structure of
graphs that is hidden at the level of design terms.

Behavioural Properties. The dynamic aspects are expressed using the Linear-
time Temporal Logic (LTL) for which Maude provides a module where only the
state predicates have to be defined. Roughly, one is able to reason about infinite
sequences of reconfigurations, by expressing properties on the ordering of state
observations. Such observations are state predicates given by closed structural
formulae.

As an example we state that it is always true that a collection of bikes has
at least 2 bikes as the formula [] at-least-k-bikes(2), where [] denotes the
always temporal operator.

6 Comparison

We overview a brief comparison of the presented approaches w.r.t. the issues
discussed in Section [l Figure [l summarises the main aspects and advantages of
each approach.
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ADRwMm Aspect TGGa
ADR (SOS, HR) Formal Support SPO Graph Rewriting
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Maude Tool Alloy
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Hierarchical, Interfaced Graphs Architectures Flat Graphs
Structured view, reusability Concrete view
Constructive (Algebra) Styles Declarative (Alloy Logic)
Style consistent Prototypical
Term rewrites Reconfigurations Graph rewrites
Inductive, conditional ITtem trace
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Ad-hoc Style Matching Alloy Analyzer
Flexible, ongoing work Built-in, based on SAT
By construction Style Preservation Alloy Analyzer
Must not be proved Performant
Search strategies Model Finding Alloy Analyzer
Built-in, flexible Built-in
LTL Model Checker Model Checking Alloy Analyzer
Efficient, flexible Bounded

Fig. 7. Main aspects and advantages of each approach

6.1 Designing Software Architectures

Architectures. Both approaches represent architectures as suitable graphs. The
main differences are that TGG represents architectures by flat graphs while ADR
considers additional structural information. First, graphs have an interface which
supports the compositionality of architectures. Second, graphs are equipped with
a design term which serves various purposes: it is a proof of style consistency, it
is a witness of the design process, it can be used to offer a hierarchical view at
a suitable level of abstraction.

Architectural Styles. Each approach follows a different tradition. TGG 4 uses ex-
plicit structural constraints by means of logic predicates. This approach is more
suited to a reactive modelling process: the software architect constructs a model
and the system reacts reporting style inconsistencies. ADRj; uses an implicit
generative mechanism inspired by context-free graph grammars. This approach
is more suited to a proactive modelling process: the software architect performs
a decision procedure (i.e. refinements and compositions) that is guaranteed to
be style consistent and not faulty.

Representing dynamism. Fach approach defines dynamism at different levels
of abstraction. TGG defines dynamism by means of local rewriting rules on flat
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graphs, while ADR defines rules on design terms. ADR rules are more abstract
and also more expressive, because conditional labelled rules are also allowed. In
addition, ADR rules guarantee style preservation by construction. On the other
hand, ADR has still no mechanism to keep trace of reconfigured items, while
this is done in TGG by the notion of trace morphism.

6.2 Specifying Architectural Properties

Structural properties. Structural properties are expressed in TGG 4 by means of
the same formalism used to define architectural styles, namely the Alloy logic.
Maude does not offer a built-in structural logic but spatial logics such as the
Verification Logic for Rewriting Logic [34] arise naturally and we can adjust
the property specification mechanism at will. Indeed, we implemented property
specification mechanisms tailored for the abstract view of design terms and the
more concrete view of designs.

Behavioural properties. Alloy does not offer a standard behavioural logic and
one has to rely on ad-hoc mechanisms or recent extensions such as DynAlloy.
Maude, instead, comes with a built-in implementation of a Linear-time Temporal
Logic (LTL) module, for which the user must provide just the state predicates.

6.3 Analysing Software Architectures

Style Matching. Checking style-consistency in TGG 4 is done via the same mech-
anism as the verification of structural properties, i.e. it amounts to verify whether
an architecture satisfies the predicate characterising the architectural style. In-
stead, in ADRj; we need a parsing mechanism, able to determine for given graph
g, whether there is a design term d such that the design corresponding to d has
a body graph isomorphic to g. This mechanism is under implementation.

Model Finding. Model finding is the main analysis capability offered by Alloy.
The Alloy Analyzer basically explores (a bounded fragment) of the state space of
all possible models and is able to show example instances satisfying or violating
the desired properties. For instance, we can easily use the Alloy Analyzer to
construct initial architectures: we need to ask for an instance graph satisfying
the style predicates and having a certain number of bikes and stations. Model
finding can also serve to the purpose of analysis. For instance, to validate if
the style predicates really define what the software architect means. The use of
bounds is justified by Alloy’s small scope hypothesis that states that “most bugs
have small counterexamples” [27]. This means that examining small architectures
is often enough to detect possible major flaws.

Model finding is not provided by Maude directly. In order to perform model
finding with Maude we need basically two mechanisms: one to generate a state
space of models and one to explore it. We have defined a rewrite theory that
simulates a design-by-refinement process, roughly consisting of the context-free
graph grammar obtained by a left-to-right reading the design productions. An-
other generative mechanism that we can implement produces random graphs by
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adding items iteratively. The resulting graph could be used as the body of a
design. In order to explore such state spaces we can use the LTL model checker,
the search command or rewriting strategies.

Model Checking. Alloy does not have traditional model checking capabilities but
its model finding features can be used instead to encode some (bounded) model
checking problems. Basically, models and predicates are translated into a first-
order formula and solved with efficient SAT solvers. Instead, model checking in
Maude is supported by an efficient built-in LTL model checker. We have also
implemented the satisfaction relation for the above mentioned MSO and spatial
logics.

An alternative to model checking is the use of manual or computer-assisted
theorem proving, which is highly facilitated in ADR by the hierarchical nature
of design productions, which allows for proof based on structural induction. This
issue is currently being investigated.

7 Related Work

An exhaustive enumeration and a deep comparison with related work is out
of the scope of this paper. We mention, however some of the works that have
inspired or share concepts with our approaches.

Many research works are focusing on the design and analysis of dynamic
software architectures, applying formal methods such as graphs [37I25/3], log-
ics [200T] and process algebras [21T0].

As a matter of fact ADR has taken inspiration from initiatives that promote
the conciliation of software architectures and process calculi by means of graph-
ical methods [33].TGG instead, follows the tradition of graph grammars and
applied to software architectures [37] and combines them with logical approach
of Alloy.

Our approaches also shares concepts with various approaches ranging from
process calculi that deal with reconfigurable component based architectures
(e.g. [I]) to graphical representation of concurrent systems such as those based
on Synchronized Hyperedge Replacement [2I] or Bigraphs [29].

Maude and Alloy have been already used for the design and analysis of soft-
ware architectures or graph transformation systems. For instance, in [30] Maude
is used to model and verify software architectures given in LfP, a system de-
scription language with hierarchical behaviour. On the other hand, the work
presented in [4] proposes a methodology to analyse transformation systems by
means of Alloy and its supporting tool. They encode graph transformation sys-
tems into Alloy and verify properties such as reachability of given configurations
through a finite sequence of steps or whether given sequences of rules can be ob-
tained on an initial graph, and show all the configurations that can be obtained
by applying a bounded sequence of rule instances on a given initial graph.

Another source of related work regard Architectural Description Languages
(ADLs) to model and analyse software architectures [35] or UML-based ap-
proaches to model dynamic architectures [31].
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8 Conclusion

In our experience, TGG4 and ADR,; are both flexible formal methods for the
design and analysis of dynamic software architectures. Moreover, we promote
their synergic application as each of them can be focused on the development
phases where they are more effective.

In the early phase of the development, the architectural style is typically not
well understood and TGG looks more appealing since the software architect
can follow an incremental approach, adding, removing or refining architectural
constraints with the help of the inconsistencies shown by the Alloy Analyzer.

Later, when the architectural style is well understood and stable, the soft-
ware architect can define the style in a generative manner in the form of an
ADR style. The benefits of an ADR style arise then from its hierarchical and
structured nature. First, complex reconfigurations can be inductively defined on
the structure of designs. Second, properties can be defined again inductively and
at an abstract level. Last, but not least, model checking and theorem proving
can be applied to exploit the hierarchical structure.

This separation of phases also matches the choice of the tools. Indeed, TGG
could have been easily implemented in Maude, but Maude lacks of a built-in,
efficient mechanism to perform model finding. On the other hand, implementing
ADR in Alloy would have required a lot more efforts to encode all the mechanisms
that are native in Maude such as normal forms, memberships or conditional
rewrite rules, and built-in tools such as the LTL model checker.

Current work is devoted to validate our ideas by enriching our experience with
more realistic examples, taken from global computing areas like service oriented
computing and grid computing. In future work we plan to extend our compar-
ative analysis to further interesting aspects such as the ordinary behaviour of
software components, the analysis of architectural styles and run-time imple-
mentation. Another interesting perspective is to investigate other ADR suited
interpreted algebras, other than graphs. Constraints systems, for instance, seem
well suited and appealing to deal with non functional aspects like quality of
service.
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Abstract. In this paper, we give an overview of the framework of graph
transformation units which provides syntactic and semantic means for
analyzing, modeling, and structuring all kinds of graph processing and
graph transformation.

1 Introduction

Graphs are used in computer science in many forms and contexts, and for
many purposes. Well-known examples are Petri nets, entity-relationship dia-
grams, UML diagrams, and state graphs of finite automata. In many applica-
tions, graphs are not of interest as singular entities, but as members of graph and
diagram languages, as states of processes and systems, as structures underlying
algorithms, as networks underlying communication, tour planning, production
planning, etc. Therefore, there is genuine need to generate, recognize, process,
and transform graphs. The development and investigation of means and meth-
ods to achieve this goal is the focus of the area of graph transformation. (See
the Handbook of Graph Grammars and Computing by Graph Transformation
[1-3])

In this paper, we give an overview of the framework of graph transformation
units which provides syntactic and semantic means for analyzing, modeling, and
structuring all kinds of graph processing and graph transformation. In particular,
graph transformation units can be used to generate graph languages, to specify
graph algorithms, to transform models whenever they are represented by graphs,
and to define the operational semantics of data processing systems whenever the
data and system states are given as graphs.

Graph transformation units encapsulate rules and control conditions that reg-
ulate the application of rules to graphs including the specification of initial and
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terminal graphs. To support the re-use and the stepwise development of graph
transformation units, also a structuring principle is introduced that allows the
import of units by units. The operational semantics of a unit transforms ini-
tial graphs into terminal graphs by interleaving rule applications and calls of
imported units so that the control condition is fulfilled.

An important aspect of this framework is its approach independence, meaning
that all introduced concepts work for all kinds of graphs, rules, rule applications,
and control conditions. In particular, one can build new approaches from given
ones through the product of approaches. In this way, graph transformation units
can be combined in such a way that tuples of graphs are transformed component-
wise. As a consequence, the interleaving semantics covers computable relations
on graphs with m input graphs and n output graphs for arbitrary numbers m, n
rather than binary relations between initial and terminal graphs.

This overview is organized in the following way. In Section 2, we recall the
basic notions of graphs and of rule-based graph transformation. In Section 3,
simple graph transformation units encompassing rules and control mechanisms
are introduced, while a structuring principle by means of import is added in
Section 4. Section 5 addresses the idea of approach independence and the product
type. In the last section we discuss some related work and point out some further
aspects such as the iterated interleaving semantics in case of cyclic import, the
interlinking semantics that supplements the sequential interleaving semantics
by parallel and concurrent elements, and autonomous units which interact in a
common graph environment.

2 Graphs and Rule-Based Graph Transformation

In this section, we recall the basic notion of graphs, matches, rules, and rule
application as they are needed to model the examples of this paper.

Graphs are quite generic structures which are encountered in the literature
in many variants: directed and undirected, labeled and unlabeled, simple and
multiple, with binary edges and hyperedges, etc. In this survey, we focus on
directed, edge-labeled, and multiple graphs with binary edges (see 2.1). As a
running example, we consider the generation of simple paths and related prob-
lems including the search for Hamiltonian paths. Please note that the search
for simple paths of certain lengths and in particular the search for Hamiltonian
paths are N P-complete problems.

Graphs are often considered as inputs of algorithms and processes so that
methods are needed to search and manipulate graphs. Graphs may also rep-
resent states of systems so that methods for updates and state transitions are
needed. Also, graphs may often be used to specify the structure of all the data
of interest, e.g., the set of all connected and planar graphs. Like in the case of
string languages, one needs then mechanisms to generate and recognize graph
languages. To meet all these needs, rule-based graph transformation is defined
in 2.4 to 2.6.
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2.1 Graphs

Let X be a set of labels. A graph over X is a system G = (V, E, s,t,1) where
V is a finite set of nodes, E is a finite set of edges, s,t: E — V are mappings
assigning a source s(e) and a target t(e) to every edge in E, and I: F — X is
a mapping assigning a label to every edge in E. An edge e with s(e) = t(e) is
also called a loop. The components V', E, s, t, and [ of G are also denoted by
Vo, Eg, sa, ta, and lg, respectively. The set of all graphs over X' is denoted by
Gs:. We reserve a specific label * which is omitted in drawings of graphs. In this
way, graphs where all edges are labeled with * may be seen as unlabeled graphs.

Example 1. Consider the graphs Go, G1, G12, G123, and G1234 in Figure 1.

A box Orepresents a node with an unlabeled loop. Therefore, G has four nodes,
four loops and five additional unlabeled edges. The other graphs are variants of G.
We use @ to represent a begin-node which is a node with a loop labeled with begin.
Analogously, O represents an end-node, and @ represents a node with a begin-loop
and an end-loop. If one starts in the begin-node and follows the p-labeled edges,
one reaches the end-node in the graphs G2, G123, and G1234. In each case, the
sequence of p-edges defines a simple path of Gy, where the intermediate nodes
have no loops. In G, the begin-node and the end-node are identical which means
that the corresponding simple path has length 0.

— Oy O
Go = G = G2 = Gia3 = P| G134 = p
~—1 ~—0

Fig. 1. Gy with some of its simple paths

If one numbers the nodes of Gy clockwise by 1 to 4 starting in the upper left-
most corner, then the node sequences 1, 12, 123, and 1234 define simple paths
of Gy that correspond to the simple paths in G1, G12, G123, and G234, resp. In
this way, every simple path s of Gy can be represented by a graph G. The set
of all those graphs is denoted by SP(Gy). The next subsection describes paths
more formally.

2.2 Paths

One of the most important concepts concerning graphs is the notion of a path
that is the subject of many research problems and applications of graphs such
as connectivity, shortest paths, long simple paths, Eulerian paths, Hamiltonian
paths, traveling salesperson problem, etc.

Given a graph G = (V, E, s,t,1), a path from node v to node v’ is a sequence
of edgesp=-ey...e, withn > 1, s(e;) = v, s(e;) =t(e;—1) for i =2,...,n, and
t(en) = v'. The length of p is n. Moreover, the empty sequence A is considered
to be a path from v to v of length 0 for each v € V. A path p =e;...¢e, from v
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to v” wisits the nodes V(p) = {v}U{t(e;) |i=1,...,n}. A path p is simple if it
visits no node twice, i.e., #V (p) = length(p)+1.* A simple path is Hamiltonian
if it visits all nodes, i.e., #V(p) = #V.

2.3 Graph Morphisms, Subgraphs, and Matches

For graphs G, H € Gx, a graph morphism g: G — H is a pair of mappings
gv: Vo — Vg and gg: Eq — Epg that are structure-preserving, i.e., gv (sa(e)) =
su(ge(e)), gv(ta(e)) =tu(gr(e)), and lu(gr(e)) = lg(e) for all e € Eg.

If the mappings gy and gp are bijective, then g is an isomorphism, and G
and H are called isomorphic.

If the mappings gy and gg are inclusions, then G is called a subgraph of H,
denoted by G C H.

For a graph morphism g: G — H, the image of G in H is called a match of
G in H, i.e., the match of G with respect to the morphism g is the subgraph
9(G) C H.If the mappings gy and gg are injective, the match ¢(G) is also called
injective. In this case, G and ¢g(G) are isomorphic.

Example 2. There is a graph morphism from the graph L., =O—=0 into
some G; € SP(Go) whenever G has a subgraph isomorphic to L;.,. Hence,
there are two graph morphisms into G129, there is one graph morphism into Gy
and one into G123, but no graph morphism into G234.

Consider the injective match of L, in G12 given by the right-most vertical
edge. The removal of the edges of this match yields the subgraph

Z():

2.4 Graph Transformation Rule

The idea of a graph transformation rule is to express which part of a graph
is to be replaced by another graph. Unlike strings, a subgraph to be replaced
can be linked in many ways (i.e., by many edges) with the rest of the graph.
Consequently, a rule also has to specify which kind of links are allowed. This
is done with the help of a third graph that is common to the replaced and the
replacing graph.

Formally, a rule r = (L 2 K C R) consists of three graphs L, K, R € G5, such
that K is a subgraph of L and R. The components L, K, and R of r are called
left-hand side, gluing graph, and right-hand side, respectively.

Example 3. Consider the following two rules.

1 4 X denotes the number of elements of a finite set X.
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start = O 2 [ - ©
run = O—=02 @ @C e0

The rule start describes the removal of an unlabeled loop and the addition of a
begin-loop and an end-loop at the same node. The rule run replaces an unlabeled
edge by a p-edge removing the two loops of the left-hand side and adding an
end-loop at the target node of the right-hand side. The identity of the nodes is
chosen in such a way that the direction of the edge is preserved, i.e., the two
sources are equal and the two targets are equal.

2.5 Application of a Graph Transformation Rule

The application of a graph transformation rule to a graph G consists of replacing
an injective match of the left-hand side in G by the right-hand side in such
a way that the match of the gluing graph is kept. Hence, the application of
r=(L 2K CR)toagraph G = (V, E,s,t,1) consists of the following three
steps.

1. An injective match g(L) of L in G is chosen.

2. Now the nodes of gy (V}, — Vi) are removed, and the edges of gg(EL, — Ex)
as well as the edges incident to removed nodes are removed yielding the
intermediate graph Z C G.

3. Afterwards the right-hand side R is added to Z by gluing Z with R in
g(K) yielding the graph H = Z + (R — K) with Vi = Vz + (Vg — Vi)
2 and Ey = Ez + (Egr — Ex). The edges of Z keep their labels, sources,
and targets so that Z C H. The edges of R keep their labels. They keep
their sources and targets provided that those belong to Vi — Vi . Otherwise,
sa(e) = g(sr(e)) for e € Er — Ex with sg(e) € Vi, and ty(e) = g(tr(e))
for e € Er — Ex with tR(e) € Vk.

The application of a rule r to a graph G is denoted by G= H, where H is

the graph resulting from the application of r to G. A rule application is called a
direct derivation. The subscript » may be omitted if it is clear from the context.

Given a finite set of rules and a finite graph G, the number of injective matches
is bounded by a polynomial in the size of G because the sizes of left-hand sides of
rules are bounded by a constant. Given an injective match, the construction of
the directly derived graph is linear in the size of G. Therefore, it needs polynomial
time to find a match and to construct a direct derivation.

Example 4. The rule run of Example 3 can be applied to the graph G2 in two
ways. One injective match of L, is given by the right vertical edge of G15. The
intermediate graph is Zj as constructed in Example 2. And the derived graph is
G'123. Consequently, one gets a direct derivation G2 T':un> G123.

2 Given sets X and Y, X 4+ Y denotes the disjoint union of X and Y.
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Accordingly, the rule run can be applied to other graphs in SP(Gy) yielding
a graph in SP(Gy) in each case. Here is the complete list of direct derivations
by applying run:

G = G2, Go =Gz, Gy = Gu, Gz =Gz, G4 = Gui,
G2 = G123, Gi12 = G124, Gaz = Ga3s, Gou = Gaa1, G3u = Gz,
Gu1 = Gz, Gi2s = G234, Gaza = Gazar, Gaa1 = G412, Ga12 = Ga123.

Moreover, the rule start can be applied to Gy in four ways deriving G, Ga, G3
and Gy4.

2.6 Derivation and Application Sequence

The sequential composition of direct derivations d = Gop —= G —---— G,
T1

T2 Tn
(n € N) is called a derivation from Gy to G,. As usual, the derivation from

Gy to Gy, can also be denoted by Gy :;> G, where {ry,...,r,} C P, or just by

Gy :;> Gy, The string rq - - -1, is the application sequence of the derivation d.

Example 5. The direct derivations in Example 3 can be composed into the fol-
lowing derivations:

Go = G1 = G12 = G123 = G234,
Go = G1 = G12 = G4,
Go = Gy = Ga3 = Ga3s = Gz,
Go = Gy = Goy = Gy,
Go = G3 = G34 = G341 = G412,
Go = G4 = G41 = G412 = Gu123.

Altogether, these derivations show that exactly the graphs in SP(Gy) can be
derived from Gg by applying the rule start once and then the rule run k-times
for k € {0,1,2,3}.

It is not difficult to see that one can generate the set of all simple paths of
every unlabeled graph if each of its node has a simple unlabeled loop and if start
is only applied in the first derivation step. Moreover, the length of each such
derivation equals the number of nodes visited by the derived path. In particular,
the length is bounded by the size of the initial graph. The proof can be done by
induction on the lengths of derivations on one hand and on the lengths of simple
paths on the other hand.

The six derived graphs above correspond to the dead-ended simple paths of
G being those that cannot be prolonged by a further edge. The four graphs
G1234, G231, G3401, and G103 represent the Hamiltonian paths of Gy.

3 Simple Graph Transformation Units

A rule yields a binary relation on graphs and a set of rules a set of derivations.
The example of simple paths shows (like many other examples would show)



Graph Transformation Units — An Overview 63

that more features are needed to model processes on graphs in a proper way,
in particular one needs initial graphs to start the derivation process, terminal
graphs to stop it, and some control conditions to regulate it. This leads to the
concept of a simple graph transformation unit. The well-known notion of a graph
grammar is an important special case.

Analogously to Chomsky grammars in formal language theory, graph trans-
formation can be used to generate graph languages. A graph grammar consists of
a set of rules, a start graph, and a terminal expression fixing the set of terminal
graphs. This terminal expression is a set A C X' of terminal labels admitting all
graphs that are labeled over A.

3.1 Graph Grammar

A graph grammar is a system GG = (S, P, A), where S € Gy is the initial
graph of GG, P is a finite set of graph transformation rules, and A C X is a
set of terminal symbols. The generated language of GG consists of all graphs
G € Gy that are labeled over A and that are derivable from the initial graph S
via successive application of the rules in P, i.e., L(GG) = {G € Ga | S:;> G}.

Example 6. The following graph grammar

unlabeled graphs
initial: empty
rules: new-node = empty O emply C O

new-edge = @ -0 e C 60
terminal: {x}

generates the unlabeled graphs with a single unlabeled loop at each node. The
start graph is the empty graph. The rule new-node adds a node with an unlabeled
loop in each application. The rule new-edge adds an edge between two nodes. Due
to the fact that we consider only injective matches, no two nodes can be identified
in a match of the left-hand side of the rule new-edge. This guarantees that no new
loops are generated. The terminal expression {*} specifies all unlabeled graphs.
Since the given rules transform unlabeled graphs into unlabeled ones, all derived
graphs belong to the generated language. It should be noted that the grammar
unlabeled graphs generates exactly the graphs that are used as initial graphs to
obtain their simple paths in Example 5.

As for formal string languages, one does not only want to generate languages, but
also to recognize them or to verify certain properties. Moreover, for modeling and
specification aspects one wants to have additional features like the possibility to
cut down the non-determinism inherent in rule-based graph transformation. This
can be achieved through the concept of transformation units (see, e.g., [4-6]),
which generalize standard graph grammars in the following ways:
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— Transformation units allow a set of initial graphs instead of a single one.
— The class of terminal graphs can be specified in a more general way.
— The derivation process can be controlled.

The first two points are achieved by replacing the initial graph and the terminal
alphabet of a graph grammar by a graph class expression specifying sets of initial
and terminal graphs. The regulation of rule application is obtained by means of
so-called control conditions.

3.2 Graph Class Expressions

A graph class expression may be any syntactic entity X that specifies a class of
graphs SEM (X)) C Gx. A typical example is the above-mentioned subset A C ¥
with SEM(A) = Ga C Gx. Forbidden structures are also frequently used. Let
F be a graph, then SEM (forbidden(F')) contains all graphs G such that there is
no graph morphism f : I — G. Another useful type of graph class expressions
is given by sets of rules. More precisely, for a set P of rules, SEM (reduced(P))
contains all P-reduced graphs, i.e., graphs to which none of the rules in P can be
applied. Finally, it is worth noting that a graph grammar GG itself may serve
as a graph class expression with SEM (GG) = L(GG).

3.3 Control Conditions

A control condition is any syntactic entity that cuts down the non-determinism
of the derivation process. A typical example is a regular expression over a set of
rules (or any other string-language-defining device). Let C' be a regular expres-
sion specifying the language L(C). Then a derivation with application sequence
s is permitted by C if s € L(C). As a special case of this type of control con-
dition, the condition true allows every application sequence, i.e., L(C) = P*,
where P is the set of underlying graph transformation rules. Another useful
control condition is as long as possible, which requires that all rules be applied
as long as possible. More precisely, let P be the set of underlying rules. Then
SEM (as long as possible) allows all derivations G = G’ such that no rule of P

is applicable to G’. Hence, this control condition is similar to the graph class
expression reduced(P) introduced above. Also similar to as long as possible are
priorities on rules, which are partial orders on rules such that if p; > po, then
p1 must be applied as long as possible before any application of po. More details
on control conditions for transformation units can be found in [7].

By now, we have collected all components for defining simple graph transfor-
mation units.

3.4 Simple Graph Transformation Units

A simple graph transformation unit is a system tu = (I, P,C,T), where I and
T are graph class expressions to specify the initial and the terminal graphs
respectively, P is a set of rules, and C' is a control condition.
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Each such transformation unit tu specifies a binary relation SEM (tu) C
SEM (I) x SEM (T') that contains a pair (G, H) of graphs if and only if there is a
derivation G :;> H permitted by C. The semantic relation SEM (tu) may also be

denoted by RA(tu) if the aspect is stressed that it is based on rule application.

Example 7. The constructions from Examples 1 through 6 can be summarized
by the following simple graph transformation unit:

simple paths
initial: unlabeled graphs
rules: start, run
control: start ; run*
terminal: all

The initial graphs are unlabeled graphs with a single loop at each node as
generated by the graph grammar unlabeled graphs in Example 6. The rules start
and run are given in Example 3, and the control condition is a regular expression
over the set of rules with the sequential composition ; and the Kleene star *
(specifying that a single application of start can be followed by an arbitrary
sequence of applications of run). All graphs derived in this way from initial
graphs are accepted as terminal. This is expressed by the graph class expression
all. As discussed in Example 5, this unit generates all simple paths of each initial
graph.

Analoguously, one can model dead-ended simple paths and Hamiltonian paths
by replacing the terminal graph expression all by the expressions reduced ({run})
and forbidden(O), resp.

4 Graph Transformation Units with Structuring

Simple graph transformation units allow one to model computational processes
on graphs in the small. For modeling in the large, structuring concepts are needed
for several reasons:

(1) To describe and solve a practical problem, one may need hundreds, thou-
sands, or even millions of rules. Whereas a single set of rules of such a size
would be hard to understand, the division into small components could help.

(2) Many problems can be solved by using the solutions of other problems.
For example, most kinds of tour planning require a shortest path algorithm.
Therefore, it would be unreasonable to model everything from scratch rather
than to re-use available and working components.

(3) The modeling of a large system requires the subdivision into smaller pieces
and the distribution of subtasks. But then it is necessary to know how com-
ponents interact with each other.

Graph transformation units can be provided with a structuring principle by the
import and use concept. The basic observation behind this concept is that the
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semantics of a simple graph transformation unit is a binary relation on graphs,
like the rule application relation. Therefore, a unit (maybe with many rules) can
play the role of a single rule. Units may use or import entities that describe
binary relations on graphs. In particular, units may be used. This allows re-use
as well as the distribution of tasks. See, e.g., [6, 8] for more details.

4.1 Units with Import and Interleaving Semantics

A graph transformation unit with import is a system tu = (I, U, P,C,T), where
(I, P,C,T) is a simple graph transformation unit, and the use component U is
a set of identifiers (which is disjoint of P).

If each u € U defines a relation SEM (u) € G x G, then tu specifies a binary
relation on graphs INTERsg (tu) defined as follows:

(G.G') € INTERsgy (tu) if G € SEM(I),G' € SEM(T),

and there is a sequence Gy,...,G, with G = Gy, G, = G, and, for i =
1,...,n,G;—1 = G, for some r € P or (G;,_1,G;) € SEM(u) for some u € U.

Moreover, (G, G") must be accepted by the control condition C.

This relation is called interleaving semantics because the computation inter-
leaves rule applications and calls of the imported relations. It should be noted
that each choice of used relations defines an interleaving relation.

4.2 Networks of Units

The definition of structuring by import allows the use of any relation whenever
it has an identifier. There may be some library that offers standard relations.
Or one may use another framework that supports the modeling of relations of
graphs. But the most obvious choice is the import of units as use component.
This leads to sets of units that are closed under import:

Let V be a set of identifiers and tu(v) = (I(v), U(v), P(v),C(v),T(v)) a graph
transformation unit with import for each v € V. Then the set {tu(v) |v € V} is
closed under import it U(v) CV for all v € V.

If one considers V as a set of nodes, the pairs (v,v’) for v € U(v) as edges
with the projections as source and target, and the mapping tu as labeling, then
one gets a network (V,{(v,v") | v € U(v),v € V},tu).

If this network is finite and acyclic, then each of its units can be assigned with
an import level that is used to define the interleaving semantics of networks in
the next subsection:

level(v) = 0 ifU(v) =0,
—\n+1if n = max{level(v') | v € U(v)}.
4.3 Interleaving Semantics of Acyclic Networks

The interleaving semantics of a unit with import requires that the used relations
are predefined. This can be guaranteed in finite and acyclic networks of units
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level-wise so that the semantics can be defined inductively. The units of level
0 are simple graph transformation units such that the rule application seman-
tics is defined. If the semantic relations up to level n are defined by induction
hypothesis, then the interleaving semantics of units on level n + 1 is defined.

Let (V, E,tu) be a finite and acyclic network of units. Then the interleaving
semantics INTER (tu(v)) for each v € V' is inductively defined by:

— INTER(tu(v)) = RA(tu(v)) for v € V with level(v) = 0;

— assume that INTER(tu(v)) C Gx G is defined for all v € V with level(v) < n
for some n € N; then INTER(tu(v)) is equal to INTERgg (tu(v)) with
SEM (v') = INTER(tu(v")) for v" € Uy for v € V with level(v) = n + 1.

Ezxample 8. As shown in Example 7, the generation of dead-ended paths and
Hamiltonian paths coincides with the generation of simple paths except for
stronger terminal graph expressions. Hence, they can be modeled by the im-
port and re-use of simple paths.

dead-ended simple paths Hamiltonian paths
uses: simple paths uses: simple paths
control : simple paths control : simple paths
terminal reduced(run) terminal forbidden (D)

5 Approach Independence and Product Type

Graph class expressions and control conditions are introduced as generic concepts
that can be chosen out of a spectrum of possibilities. On the other hand, the
graphs, the rules and their application are fixed in a specific way in the preceding
sections. This is done to be able to illustrate the concepts by explicit examples.
The notions of graph transformation units and the interleaving semantics are
independent of the particular kind of graphs and rules one assumes. This is
made precise by the generic notion of a graph transformation approach.

5.1 Graph Transformation Approach

A graph transformation approach A = (G,R =, X,C) consists of a class of

graphs G, a class of rules R, a rule application operator = that provides a

binary relation on graphs = C G x G for every r € R, a class of graph class ex-
T

pressions X with SEM (x) C G for every x € X, and a class of control conditions
C with SEM (¢) € G x G for every ¢ € C.

All the notions of Sections 3 and 4 remain valid over such an approach A if
one replaces the class of graphs Gs; by G, the class of rules by R, and each rule
application by its abstract counterpart. In this sense, the modeling by graph
transformation units is approach-independent because it works independently of
a particular approach.
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The approach independence is meaningful in at least two ways. On the one
hand, it means that everybody can use and choose his or her favorite kinds of
graphs, rules, rule applications, graph class expressions, and control conditions.
On the other hand, it allows one to adapt given approaches to particular appli-
cations or to build new approaches out of given ones without the need to change
the modeling concepts.

5.2 Restriction

Given a graph transformation approach A = (G, R,=—, X, (), each subclass
G’ C G induces a restricted approach restrict(A,G’') = (G',R,=, X,C), where
the semantics of =, X', and C are taken from A, but restricted to the graphs
of G'.

Similarly, all other components of .4 may be restricted — while this can be done
for X and C without side effects, the restriction of rules and rule application may
influence the semantics of X and C, because graph class expressions and control
conditions may refer to rules.

With respect to the class of graphs Gy as considered in the preceding sec-
tions, various restrictions are possible: unlabeled graphs, connected graphs, pla-
nar graphs, etc. A rule application to such a sort of graph would only be accepted
if the derived graph is of the same type. An undirected graph can be represented
by a directed graph if each undirected edge is replaced by two directed edges in
opposite direction. In this way, undirected graphs can be handled in the given
framework as a restriction of the introduced approach.

An example of a restricted kind of rules is a rule the left-hand side of which
coincides with the gluing graph so that no removal takes place if the rule is
applied.

A typical restriction concerning the rule application is the requirement of
injective matching as used in our sample approach. This is requested in many
graph transformation approaches in the literature.

5.3 Product Type

Another approach-building operator is the product of approaches. The idea is
to consider tuples of graphs and rules where a tuple of rules is applied to a
tuple of graphs by applying the component rules to the component graphs si-
multaneously. It is not always convenient to apply a rule to each component
graph. Therefore, we add the symbol — to each class of rules. Whenever — is
a component of a tuple of rules, the corresponding component graph remains
unchanged.

Let A; = (Gi, Riy,=>4, X;,C;) for i = 1,...,n for some n € N be a graph
transformation approach. Then the product approach is defined by

n

A= (16 [T R0 (== [T 2. [T ¢

1 i i=1

—

7
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where

- (Gy1,...,Gp) = (G4,...,G}) for (ri,...,rm) € [[(R; U{=}) if, for i =
i=1

1,...,n,GiT>G; for r; € R; and G, = G, for r; = —,

= (G1,...,Gn) € SEM(a1,...,ay) for (z1,...,2n) € [] X if G; € SEM ()

i=1
fori=1,...,n,

Gy Go)y (G GL)) € SEM(cr, .. en) for (c1y... cn) € [1Ci if
i=1
(G;,G) € SEM(¢;) for i =1,...,n.

5.4 Tuples of Graph Transformation Units

Analoguously to the tupling of graphs, rules, rule applications, graph class ex-
pressions and control conditions in the product of graph transformation ap-
proaches, graph transformation units over the approaches can be tupled.

Let tu; = (I;,U;, P;,C;,T;), for each ¢ = 1,...,n for some n € N, be
a graph transformation unit over the graph transformation approach A; =
(Gi, Riy,=>i, Xi,C;). Then the tuple

(tul,...,tun) = ((Il,...,In), H Ui, H P,',(Cl,...,Cn),(Tl,...,Tn))
=1 1

n
is a graph transformation unit over the product approach [] A;.

The important aspect of the tupling of units is that the Zc};oice of the compo-
nents of the single units induces automatically all the components of the tuple
of units by tupling the graph class expressions for initial and terminal graphs
resp. and the control conditions as well as by the products of the import and
rule sets.

As the tuple of units is defined component-wise, its semantics is the prod-
uct of the semantic relations of the components up to a reordering of com-
ponents. Let SEM;(u) C G; x G; be a binary relation on graphs for each

n n
u € Ui = 1,...,n. Let SEM;(uy,...,un) C [ Gi x [] Gi be defined for
i=1 j

=1

(uy,...up) € _Hl U, by ((G1,...,Gn),(GY,...,GL)) € SEM((u1,...,u,)) if and
only if (G;,G}) € SEM ;(u;) for i = 1,...,n. Then the following holds:
((G1,...,Gpn),(G},...,G))) € INTERggum(tu) if and ounly if (G;,G}) €
INTERsgum, (tu;) fori=1,...,n.
As the interleaving semantics of a tuple of units is given by the product of the
interleaving semantics, the tuple of units tu may also be denoted by tuq X+ - - X tu,,
to stress the meaning already on the syntactic level.

Ezample 9. Consider the tuple of units simple paths x nat x bool where the first
component is given in Example 7 and nat and bool are modeled as follows:
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nat
initial: nat0
rules: pred = @——0O O @ C O °
1 1 1

is0= © 2 © € ©

bool
initial: empty
rules: set true = empty O empty C Q

t
terminal: Q e _ TRUE

true

natl
initial: © =0
rules: succ= O 2 @ C @——O
1 1 1

The start graph of nat0 is a node with a begin-loop and an end-loop which
may be seen as the number 0. The application of succ adds an edge to the end-
node while the added target becomes the new end. Therefore, the derived graphs
are simple paths of the form

®—o—o . —@—=0 =n

with n edges, for some n € N, representing the number n. There is no control, and
all graphs are terminal. In other words, nat0 generates the natural numbers being
the initial graphs of nat. The rule pred is inverse to succ so that its application
transforms the graph n + 1 into the graph n. The rule is 0 is applicable to a
graph n if and only if n = 0 such that the rule provides a 0-test. Altogether, the
unit nat can count down a given number and test whether 0 is reached.

The unit bool is extremely simple. The start graph is empty. The only rule
adds a node with a true-loop whenever applied. But after one application, the
terminal graph is reached already. This graph can be seen as the truth value
TRUE.

According to the definitions of the components, an initial graph of the tu-
ple of units simple paths x nat x bool has the form (G,n,empty), where G
is an unlabeled graph with an unlabeled loop at each node. Consider, in par-
ticular, (Go, 3, empty). To such an initial graph, one may apply the triple rule
(start,—, —) replacing an unlabeled loop of G by a begin- and an end-loop and
keeping n and empty unchanged. For example, one can derive (Gi, 3, empty)
from (Go, 3, empty). Now one may apply the triple rule (run,pred, —) repeat-
edly. This builds a simple path in G edge by edge while n is decreased 1 by 1.
If G has a simple path of length n, one can derive (G’,0,empty) in this way.
For example, one can derive (Gi234,0, empty) from (G1, 3, empty). Finally, the
triple rule (—,is 0, set true) becomes applicable deriving (G’,0, TRUFE) and
(G1234,0, TRUFE) in particular.

3 The number 1 identifies the identical nodes to make the inclusions unambiguous.
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Altogether, this models a test whether a graph has a simple path of a certain
length.

simple paths of some lengths
initial: : simple paths x nat
uses : simple paths X nat x bool
control : (start, —, —); (run,pred, —)*; (—,is 0, set true)
terminal : bool

Due to the import, this unit is based on the tuple of units considered above.
This provides the tuple rules in the control condition, which is just a regular ex-
pression over the set of rules. But the graph class expressions are of a new type
related to the product. The initial expression means that the first two compo-
nents can be chosen freely as inputs of the modeled test. The third component
is always the empty graph so that it can be added by default. The terminal
expression means the projection to the third component as output of the test.

The semantic analysis shows that the unit simple paths of some lengths relates
a graph G and a number n to the truth value TRUF if and only if G has a
simple path of length n. Moreover, the length of every derivation is bounded
by n + 2 because n can be decreased by 1 n times at most. It is also bounded
by the number m of nodes of G plus 1 because simple paths are shorter than
m. Because the number of matches for the rules is also bounded polynomially,
the unit proves that the test for simple paths of certain lengths is in the class
NP. This is a well-known fact in this case, but illustrates that the introduced
framework supports proofs like this.

If the input length is chosen as the number of nodes of the input graph minus
1, then the unit yields TRUF if and only if the input graph has a Hamiltonian
path. In this way, the test for simple paths of certain lengths turns out to be N P-
complete because the Hamiltonian-path problem is N P-complete and a special
case.

5.5 Typing of Units

A graph transformation unit models a relation between initial and terminal
graphs. Hence one may say that the type of a unit tu = (I, P,C,T) is I — T.
The introduced product type allows a more sophisticated typing of the form
Iy x -+ x Iy — T1 x --- xT,. This works as follows. Let tu; x --- x tu, be a
tuple of units, let input : {1,...,m} — {1,...,p} be an injective mapping with
I; = I(tuinpur(iy) for i =1,...,m, and let output: {1,...,n,} —{1,...,p} be a
mapping with T = T'(tuoutput(j)). Moreover, there may be some extra control
condition ¢ for the tuple of units. Then this defines a unit of type Iy x - --x I, —
Ty x---xT, by

typed unit
initial: input
uses: tuy X -+ X tuy,
control: ¢
terminal: output
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m
This unit relates graph tuple (Gi,...,Gy) € [[ SEM(I;) with the graph tu-

i=1
n
ple (Hy, ..., H,) € [[ SEM(T}) if there are graphs ((GY,...,G}), (Hy,..., H,))
i=1

belonging to the interleaving semantics of tu; x - - - X tu,, fulfilling in addition the
control condition ¢, and G; = G;nput(i) fori=1,...,maswellas H; = H;utput(j)
for j = 1,...,n, where the graphs G; with ¢ ¢ input({1,...,m}) can be cho-
sen arbitrarily. Some of the components of the product are inputs, some outputs,
some may be auxiliary. Initially, the input components are given. The other com-
ponents must be chosen which is meaningful if there are unique initial graphs
that can serve as defaults. Then the product is running component-wise accord-
ing to the component rules and control conditions reflecting its extra control
condition. If all components are terminal, the output components are taken as
results.
A more detailed investigation of the product type can be found in [9, 10].

6 Further Research and Related Work

In the preceding sections, we have given an overview of graph transformation
units as devices to model algorithms, processes, and relations on graphs. Such
units consist of rules together with specifications of initial and terminal graphs
as well as control conditions to cut down the nondeterminism of rule applica-
tions. Moreover, units can import other units (or other relations on graphs)
providing in this way possibilities of re-use and of structuring. The operational
semantics of graph transformation units is given by the interleavings of rule ap-
plications and calls of imported relations; it yields a relation between initial and
terminal graphs. This interleaving semantics is well-defined if the import struc-
ture is acyclic. All the considered concepts work for arbitrary graph transforma-
tion approaches, where an approach is the computational base underlying graph
transformation units. Such an approach consists of classes of graphs, rules, graph
class expressions, and of control conditions as well as a notion of rule application.
Every component of an approach can be chosen out of a wide spectrum of graph
transformation concepts one encounters in the literature. An interesting aspect
of this kind of approach independence is the possibility to construct new ap-
proaches from given ones. For example, this allows one to transform undirected
graphs as a restriction of an approach for directed graphs. This also includes
the product of approaches which handles tuples of graphs and provides a quite
general typing of semantic relations.

With respect to the modeling of graph algorithms, Plump’s and Steinert’s
concept of graph programs [11] is closely related to transformation units (cf.
also Mosbah and Ossamy [12]). The major difference is that graph programs
are based on a particular graph transformation approach. In contrast to this,
approach independence allows the modelers to choose their favorite approaches
of which the area of graph transformation offers quite a spectrum (see, e.g., [1] for
the most frequently used approaches and Corradini et al. [13], Drewes et al. [14],
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and Klempien-Hinrichs [15] as examples of newer approaches). In this context,
one may note that the categorial framework of adhesive categories provides a
kind of approach independence. While rules and rule application are fixed by
the use of pushouts, one can enjoy quite a variety of classes of graphs due to the
possible choices of the underlying category (see, e.g., [16,17]).

As a structuring principle, transformation units are closely related to other
module concepts for graph transformation systems like the ones introduced by
Ehrig and Engels [18], by Taentzer and Schiirr [19], by Grofie-Rhode, Parisi-
Presicce and Simeoni [20,21] as well as Schiirr’s and Winter’s package concept
[22]. Heckel et al. [23] classify and compare all these concepts including trans-
formation units in some detail.

We point out now some further possible directions of the investigation of graph
transformation units:

1. If one permits cyclic import, meaning that units can use and help each other
in a recursive way, then the interleaving semantics as defined in Section 4
is no longer meaningful because the imported relations cannot be assumed
to be defined already. In this case, the infinite iteration of the interleaving
construction works. (see, e.g.,[24]).

2. The interleaving semantics is based on the iterated sequential composition
of the relations given by rule application and the imported relations. There-
fore, it is a purely sequential semantics. But one may replace the sequential
composition by other operations on relations like, for example, parallel com-
position. Every choice of such operations defines an interlinking semantics of
graph transformation units that, in particular, covers modes of parallel and
concurrent processing (see, e.g.,[25]).

3. The semantic relations considered so far are associated to single units which
control the computations and call the service of other units. In this sense, a
graph transformation unit is a centralized computational entity. The concept
of autonomuous units (see, e.g.,[26-28]) is a generalization to a decentralized
processing of graphs. The autonomuous units in a community act, interact,
and communicate in a common environment, with each of them controling
its own activities autonomuously.

Acknowledgement. We are grateful to Andrea Corradini for valuable comments
on an earlier version of the overview.
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In this paper we analyze how a powerful synchronization mechanism such as
synchronous multiparty synchronizations, which is able to specify atomic recon-
figurations of large systems, can be implemented using binary synchronizations
combined with a transactional mechanism. To this aim we show a mapping from
SHR, a graph transformation framework allowing multiparty synchronizations,
to a generalization of Fusion Calculus featuring a transactional mechanism in-
spired by the Zero-Safe Petri nets. To complete the correspondence between the
two formalisms we also present a mapping in the opposite direction.

1 Introduction

A key aspect when specifying complex software systems is to find the right level
of abstraction, and in particular the kind of primitives to be used. On the one
side, one would expect to rely on very powerful primitives that enable for a
simple and compact specification of complex behaviours. On the other side, one
would prefer a small number of easily implementable primitives to shorten the
gap between modeling and implementation.

In this paper we concentrate on synchronous multiparty synchronizations,
which are a powerful tool for defining complex reconfigurations that allow the
propagation of synchronizations through a chain of pairwise synchronized com-
ponents. As an instance of this approach we have chosen Synchronized Hyperedge
Replacement (SHR) [1I2I3], a graph transformation framework in which complex
transformations are specified in terms of simple rules that define the behavior
of single edges (or, more precisely, hyperedges). Although this makes SHR spec-
ifications quite compact, relying on a synchronous multiparty synchronization
mechanism has always been considered as a drawback, mainly from the imple-
mentation point of view. We address this problem by showing how synchronous
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Prefixes:
a::= uZ (Input) | uZ (Output) | ¢ (Fusion)

Agents:
S::=73,a;.P; (Guarded sum)

P::= S (Sequential Agent) Py| P, (Composition)
(z)P (Scope) C[v] (Constant application)

Fig. 1. Fusion Calculus syntax

multiparty synchronizations can be implemented by using normal binary syn-
chronizations combined with a transactional mechanism. To this end we consider
Fusion Calculus [4], a variant of 7-calculus [5] whose close relation with SHR has
been first shown in [6], and extend it with a transactional mechanism inspired by
Zero-Safe Petri nets [7]. We call the resulting calculus Zero-Safe Fusion. While it
is clear from [6] that Fusion Calculus is less expressive than SHR, we show that
Zero-Safe Fusion is able to model the full SHR. We also show how to extend the
mapping from Fusion to SHR in [6] to deal with Zero-Safe Fusion, thus proving
that the two frameworks have the same expressive power.

Structure of the paper: Sections[Zand B present the background on Fusion Calcu-
lus and SHR respectively. Section [l introduces Zero-Safe Fusion Calculus. Then,
the mappings from SHR to Zero-Safe Fusion is presented in Section [ while
Section [0 discusses the assumptions made to simplify the mapping. Section [7]
shows the inverse mapping. Finally, Section [§ draws some conclusions. For space
limitation, we omit here the proofs of main results and we refer the interested
reader to the full version of this paper [§].

2 Fusion Calculus

Fusion [4/9] has been proposed as a calculus for modeling distributed and mobile
systems, and it is based on binary synchronization and name fusion. Interest-
ingly, it both simplifies and generalizes the w-calculus [5]. This paper will consider
Fusion Calculus with guarded summation, constant definitions to model infinite
behaviors, and without match and mismatch operators. This section reports on
its original syntax and structural congruence, while we refer to [9] for the orig-
inal presentation of its operational semantics. Section [ defines the operational
semantics of a generalization of Fusion Calculus that accounts for transactions,
which subsumes the original calculus.

We rely on an infinite set N of channel names ranged over by u,v,...,z.
We write & for indicating a vector of names, and ¢ for denoting an equivalence
relation over N that can be represented by a finite set of equalities (that is
always considered closed under reflexivity, symmetry and transitivity).
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Definition 1 (Fusion syntax). The sets of Fusion prefizes, ranged over by
«, and Fusion agents, ranged over by P,Q,... are defined in Figure [Q. Con-
stants, ranged over by C are defined by equalities like C[Z] = P. We require the
occurrence of constants to be prefiz-guarded inside constant definitions.

Note that we syntactically distinguish sequential agents S, i.e., agents whose
topmost operator is a summation, from general agents P. We define the inactive
process 0 as the empty summation, and we will omit trailing occurrences of 0.
We use + to denote binary summation.

The scope operator acts as a binder for names, thus x is bound in (x)P. Given
an agent P, fn(P) denotes the set of all names occurring free in P. For constant
definitions C[#] £ P we require fn(P) C #. Processes are equivalence classes of
agents defined by the structural congruence introduced below.

Definition 2. The structural congruence = between agents is the least congru-
ence satisfying the a-conversion law, the abelian monoid laws for summation
and composition (associativity, commutativity and 0 as identity), the scope laws
()0 =0, (z)(y)P = (y)(z)P, the scope extension law P|(2)Q = (2)(P|Q) when
z ¢ f(P), and the law for constants C[v] = P{v/%} if C[Z] = P.

Note that fn can be trivially extended from agents to processes.

3 Synchronized Hyperedge Replacement

Synchronized Hyperedge Replacement (SHR) is a graph transformation frame-
work in which the evolution of a whole graph is defined in terms of synchronizing
rules, called productions. Each production describes the evolution of a single
edge. SHR has been introduced in [I0], and several variants studying alterna-
tive mechanisms for handling synchronization and mobility have been proposed
in the literature [TTJT2JT3]. In this paper we concentrate on Milner SHR [I1]
as presented in [12]: the synchronization model has been inspired by Milner’s
m-calculus [5], and the mobility model follows the Fusion style.

Our graphs (or, more precisely, hypergraphs) are composed by edges and
nodes. Each edge has a label L and it is attached to n nodes, where n is the rank
rank(L) of its label. A graph is connected to its environment by an interface,
which is a subset of the nodes of the graph. Nodes in the interface are free, while
the others are bound. We give an algebraic definition of graphs.

Definition 3 (Graphs). Let N be a fized infinite set of nodes and LE a ranked
set of labels. A graph has the form I' = G where:

1. I' C N is a finite set of nodes (the free nodes of the graph);

2. G is a graph term generated by the grammar
G:=L(Z) | G1|G2 | vy G | nil
where & € N* is a vector of nodes, L € LE is an edge label with rank(L) = |Z|
and y € N is a node.
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Table 1. Structural congruence for graphs

(AG1) (G1|G2)|G3 = G1](G2|Gs) (AG2) G1|G2 = G2|G1 (AG3) Glnil = G
(AG4) vz vy G=vyve G (AGH) ve G=G if ¢ ¢ n(G)
(AG6) vz G =vy G{y/z} if y ¢ In(G)
(AGT) vz (G1|G2) = Gilvx G2 if © ¢ In(G1)

The restriction operator v is a binder, and we denote with fn(G) the set of
free nodes in G. We demand that fn(G) C I

Graph terms and graphs are considered up to the structural congruence =
given by the axioms in Table [l

Example 1. A ring-shaped graph composed by three edges with label R of rank
2 can be written as:

x b vy, z R(z,y)|R(y, 2)|R(z, )
Notice that here nodes y and z are bound, while x is free.

Graphs interact by performing actions on nodes, thus we assume a set of actions
Act. Since we are interested in Milner synchronization, we assume that Act =
InWOutw{r} where In is a set of input actions, Out a set of output actions, and
T a special action denoting a complete (internal) synchronization. Each action a
has an arity arity(a), denoting the number of parameters. We assume a bijection
- between I'n and Out (and we use the same notation to denote the inverse) such
that arity(a) = arity(a). We also assume arity(7) = 0. Then, the transitions
describing the evolution of a graph are as follows.

Definition 4 (SHR transitions). A SHR transition is a relation of the form:

rrG2% o+ @'

where I' = G and ® = G’ are graphs, A : I' — (Act X N™*) is a partial function and
w: ' — I is an idempotent renaming. Function A assigns to each node x the
action a and the vector i of node references communicated to x. If A(z) = (a,¥)
then we define acta(z) = a and na(x) = y. We require that arity(acta(z)) =
|na(@)]-

We define:

— n(A) = {z|3z.z € na(x)}  set of communicated nodes;
— La=n(A)\T  set of communicated fresh nodes.

Renaming m allows to merge nodes. Since 7 is idempotent, it maps every node
into a standard representative of its equivalence class. We require that Vr €
n(A).xm =z, i.e., only references to representatives can be communicated. Fur-
thermore, we require ® = I'm U I'y, namely free nodes can be merged but never
erased (2) and new nodes are bound unless communicated (C).
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We will not write m when it is the identity.

Ezample 2 (Ring to star). The transition modeling the classical [I] ring-to-star
reconfiguration for the ring graph in Example [T is:

vt vy, 2 Rz, )[Ry, 2)|R(z, 2) 220 o b vy, 2w S(w, 2)]S(w, y)|S(w, 2)

The graph on the right-hand-side is composed by edges with label S of arity 2.
Notice that actions are only observed on the free nodes, i.e. on .
We will use this example as running example throughout the paper.

Definition 5 (Productions). A production is an SHR transition of the form:

xl,...,xnl—L(ac17...7xn)Ai>@}—G

where x1,...,x, are all distinct.
For each edge label L of rank n we assume an idle production x1,...,T, b
Ay .
L(zy,...,x,) Aid, 1y &y F L(x1, ... x,) where Ay is always undefined.

Idle productions are included in all sets of productions.

Given a set Prod of productions, valid SHR transitions are derived from the
productions in Prod via the inference rules below.

Definition 6 (Inference rules for Milner SHR)

mh...,xn}—L(mh...,xn)ﬂ@l—Gerd

(prod-M) A
(ach...mcn F L(zq,...,zy,) %ﬂﬁ}—G)U

where o is a bijective renaming and it is applied to all the parts of the production.

e 2 ora, rra e
(par—M} AUA U’
[T F GG 2227 g g - G|

where (I'U@)N(I"UJP') = 0.

I'FGL 25 a1k Gy
FUI—GlaM@’}—VUGgap

where o = {x/y} is a renaming and:

(merge-M)

l.a xz,y € dom(A) = acta(z) =aNacta(y) =aNha#T
1.b p = mgu({(na(z))o = (na(y))o} U{zo = wolzr = wr}) where p maps
names to representatives in I'o whenever possible
(1, () if z=x Nz,y € dom(A)
l.e N(z) =<} (Aw))op if Jw € dom(A).wo = z
undefined  otherwise
1.d 7T/ = p|pg
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l.e U= (Pop) \ &

NakG 25 o F Gy

Ibve G 2070 07 Gy

(res-M)

where:

2.0 (Jyelar=yn) = an £z
2.b acta(z) undefined Vacty(x) =71
2.c Z={z} ifx ¢ n(Alr),Z =0 otherwise

I 2% ok ay

(new-M) .
FakG 25 d 1k Gy

where x ¢ I'UP.

Rule (prod-M) says that productions are the basic transitions, and it allows them
to be bijectively renamed. Rule (par-M) accounts for the parallel evolution of
two disjoint components of a graph. Rule (merge-M) deals with synchronization
and allows to merge two nodes = and y into a unique node z (represented by
the substitution o = {z/y}) provided that actions performed on x and y are
complementary (if they are both defined). The result of such an interaction is
represented by the action 7 over the node x (see the definition of A’ in side-
condition I.c). The effect of merging two nodes is also reflected by the renaming
7’. Note that in addition to the original renaming 7, 7’ should reflect that (i)
x and y have been merged (second operand of the set union expression in side-
condition 1.b) and (ii) the names communicated by the action performed on x
are fused with the names communicated by the action on y (first operand of
the set union expression in side-condition 1.b). Then, the obtained p and 7’ are
applied to the names in the transition label A, to the obtained graph Gs, and
to the set @ of free names of G5. Moreover, vU binds the names that occur free
in G but are not in @'. This is analogous to the rule close of w-calculus. Rule
(res-M) allows to bind a node = whenever no action is performed on it or a 7
action is performed. Finally, rule (new-M) allows to introduce a free isolated
node x to both the left- and right-hand-side graphs of the transition.

Ezample 3. The ring-to-star reconfiguration transition in Example 2] can be de-
rived from the production:

(z,in1,(w)),(y,out1,(w))

z,y E R(z,y) z,y,w b S(w,x)

using the inference rules assuming in; = out;. For each node, we will have a
synchronization between the actions in; and out;, which will also merge the
nodes w belonging to different productions (actually, nodes w are renamed by
(prod-M) in order to make rule (par-M) applicable).
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The following lemma shows that derivations of SHR transitions can be normal-
ized to some extent.

Lemma 1. Suppose to have a derivation for an SHR transition. Then the same
transition can be derived using a normalized derivation where no rule different
from (res-M) is applied after any application of rule (res-M), i.e. all applications
of (res-M) are at the end of the derivation.

Proof. This is a consequence of the fact that structurally equivalent graphs have
the same transitions, see e.g. [14].

4 Zero-Safe Fusion Calculus

In this section we introduce Zero-Safe Fusion (ZS Fusion), which extends Fu-
sion Calculus [9] with a transaction mechanism inspired by the Zero-Safe Petri
nets [7]. At the syntactic level we introduce a new form of prefixes, called trans-
actional prefizes, which are composed by several standard prefixes that are ex-
ecuted as a unique action. Transactional prefixes are a general version of the
join prefixes introduced by the Join calculus [I5] and adopted by the General
Rendezvous Calculus (GRC) [16]. The main difference is that our proposal allows
for output and fusion actions inside join prefixes, while Join and GRC do not.
Moreover, all actions occurring in a transactional prefix can be executed concur-
rently. This is the main difference of ZS Fusion with respect to other proposals
appeared in the literature [T7/I8], in which transactional prefixes are sequences
of basic actions.

4.1 Syntax

7S Fusion agents are analogous to Fusion agents introduced by Definition [
while sequential agents have the following form:

Sii= Z B;.P;  (Guarded sum) where fis  (G::=A;a; (Transaction)

The prefix A;a; stands for the transactional execution of several standard
prefixes «;. Normal prefixes are recovered as transactional prefixes containing
just one component. Thus, we use a1.P as a shorthand for A;ciy;.P. We also
use A.P as a shorthand for A;cpoy.P.

In addition to the static syntax, we use the production below as run-time
syntax to provide the operational semantics of the calculus.

S::=(p).P (Partial transaction)

where the prefix (3) denotes a started transaction that has to execute g to
complete. We write ().P as a shorthand for (A;cgo;).P.
Processes are agents up-to the structural congruence in Definition
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A sequential process S is stable if it has the form ) . 3;.P; or ().P, i.e., all
partial transactional prefixes are empty. A sequential process S is static if it has
the form , 3;.P;. A process P is stable (resp. static) when all its sequential
subprocesses are stable (resp. static).

Given a stable process P, P denotes the static process obtained from P by
removing all prefixes of the form (). Formally,

— —_— ~

().Pp=P EJ]?Q = E|ﬁ; ()P = (z)P P = P otherwise

4.2 Operational Semantics

We define the operational semantics of the ZS Fusion Calculus in two steps: first,
we define a small-step behavior, and then we provide the transactional behavior
of the calculus in terms of the small-steps.

Transactions require a few constraints to be satisfied:

1. the starting and final processes of each transaction must be static: this en-
sures that each transactional prefix has been completely executed;

2. there can be at most one communication/synchronization on each channel
during each transaction: intuitively this means that channels are resources
that cannot be shared, thus during each transaction only one process or a
pair of interacting processes can use them;

3. fusions produced inside a transaction should be applied only when the trans-
action ends: on one side, this corresponds to the fact that tokens produced by
a Zero-Safe transaction are available only at the end of the transaction and,
on the other side, this ensures that the order in which elementary actions
are executed inside a transaction is irrelevant.

In order to satisfy conditions Bl and Bl we define the small-step semantics only
for processes without restriction, while we take restrictions into account when
computing transactions. This is necessary since restrictions force the application
of fusions, which is against condition Bl Notice also that a-conversion of bound
names would make the checking of condition [2] more complex.

The small-step semantics exploits the labels below:

vii=ud | ud [{F =g} |7 Ay

We write () for the empty substitution and we consider () as the neutral element
for A.

The first three labels are standard Fusion labels for input, output and fusions,
while the last one is the label for transactions. Given an action v, subj(vy) is the
set of channels over which the actions in ~ are taking place. Similarly obj(y) is
the set of objects. They are defined as follows, where Set(%) is the set of names
in 7.

subj(ud) = {u} subj(u) = {u}
subj({Z =y}) =0 subj(y1 A y2) = subj(y1) U subj(y2)
obj (u¥) = Set(Z) obj (uZ) = Set(Z)
obj({#=y}) =10 obj(y1 A y2) = 0bj(m1) U obj(2)
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(START)
subj(ai)l—al/\.../\an.Pi (a1 Ao ANt Aaig1 Ao Aaw). P
(PREF)
subj(ai) F (a1 Ao A ap). P Rl (1 Ao A1t Aigr Ao A o). P
. (Sum) (PAR)
(e - r-pLp r-pLp
OEAP = ().P 5 -
I'FP+Q L P 't PlQ - P'|Q

(Cowm)
rePEp reQqQ |7 =y

r+plQ =2 prgy
(SmQ)

rpp’  r'wp'p rnr=g
rur-p 2, pr

Fig. 2. Small-step semantics for Zero-Safe Fusion

We also define the following auxiliary functions to work with labels:

subst(uZ) =0 subst(uZ) = 0
subst({Z = ¢}) = {Z =9} subst(y A~2) = subst(y1) Usubst(yz)

comm (uf) = {uz’} comm(uf) = {uZ’}
comm({Z=y¢})=10 comm(7y; A y2) = comm(y;) U comm(yz)

The small-step semantics is defined by the labeled transition system in Fig-
ure[2l Rules are quite standard. The key point is that the set I" records channels
involved in the action . Note that sequential composition is allowed only when
the actions take place over different channels. Rule (EMPTY) allows to execute
empty transactions.

Labels for transactional semantics have the form (Y)S, ¢ where Y is the set
of extruded names, S is a set of input/output actions zy or z and ¢ is a fusion.
We drop (V) if YV is empty.

Given a fusion ¢ we define ¢ \ z as (¢ N (M \ {z}) x W\ {z}))) U{(z,2)}.
We extend to labels the notions of free and bound names (the names in a fusion
are those names belonging to non-singleton equivalence classes).

Transactional semantics is defined by the labeled transition system in Figure[3l
Rule (CMT) states that a transactional step is a small-step among two stable
processes. Rule (SCOPE) allows to bind a name z belonging to a non-trivial
equivalence class induced by ¢ (and not occurring as a subject in S). Name z is
renamed by an equivalent name x both in the label and in the resulting process.
The remaining rules are the usual ones.

The following definition introduces a notion of decomposition of Fusion proc-
esses that will be used in the following sections.

Definition 7. The standard decomposition of a process P is defined as:

P:PUP
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(CmT) (Scork)
r-p>Lp P and P’ stable P%P’,zqﬁx,z#x,z% subj(S)
P (comm(~y),subst(v)) ﬁ’/ (Z)P (Y)S{x/z},¢\z P'{x/z}
(Pass) (OPEN)
P25 P2 ¢ () P28 pr e obj(S)\ Y, 2 ¢ subj(S), 2 ¢ t(e)
(Z)P :)\> (Z)Pl (Z)P (Yu{=})S,¢ P/
(STRUCT)
P=P P=Q P=Q
Q=0Q

Fig. 3. Transactions for Zero-Safe Fusion

where op is the standard substitution and P is the standard process of P.
This decomposition satisfies:

P = Qo implies P=Q Nop = 0Qo

We denote with fnarray(P) the array of the free name occurrences in P, ordered
according to some fized order dictated by the structure of (a suitable normal form

w.r.t = of) P. In particular op = {fnarray(P)/fnarray(P)}.

The following propositions about small-steps will be used for studying prop-
erties of transactions in ZS Fusion.

Proposition 1. If '+ P 202, prthen there exists P’ such that I' F P 2%
P and I+ P' 2 P" with I"UT" =T .

Proposition 2. If I'+ P X222, P/ then ' P 22204, pr,

1A (v2AY3)
T

Proposition 3. If I'F P P’ then '+ p 2022005 pr

Because of the propositions above from now on we will consider labels up to
associativity and commutativity of A.

Proposition 4. Given a process P = (3).QQ or P =p.Q. If '+ P 2 P’ with
P’ stable, then

1. y=0 and P' = ().Q;
2. I' = {subj(a)|a € comm(y)}.

Proposition 5. If ' P L Q, then

1. subj(a;) # subj(cy) for all a;, oj € comm(ry) with i # j.
2. {subj(a)|la € comm(y)} C I
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Notice that in the proposition above we may have {subj(a)|a € comm(vy)} C I’
since names on which a synchronization is performed are in the right-hand-side
but not in the left-hand-side.

In order to state the proposition below we introduce the following notation:
I'+ P L, P’ stands for either I' - P L P’ or P = P’, with empty I" and 7.

Proposition 6. If I' - P| P, LE Q with @ stable, then Iy + Py le @1 and
Iy b Py 225, Qy with:

1. '=1I1Uly, I'NIy = subj('yl) n subj(’yg);
2. v =mlp ANvelp A Fy, |, where
D =TI\ (subj(y1) N subj(y2)), v|p denotes the conjunction of all actions in
v whose subjects are in D, and F.,,|,, denotes the set of fusions T =y such
that aZ € y1 and ay € 2,

3. Q=Q1Qa.
Proof. 1f follows by induction on the derivation I" - Py | P Q.

The following proposition shows that ZS Fusion transactions are fully deter-
mined by their set of consumed prefixes. We define prefixes 3; consumed by a
transaction P == P’ as the ones occurring in P but not in P’. To this end,
one needs to distinguish different occurrences of the same prefix. We will not
formalize this idea, but, roughly, given a process one can assign unique tags to
each prefix, and make transitions to preserve the tag of non-consumed prefixes.

Proposition 7. Let P be a process. If P 2y Q and P 2, Q' are two transac-
tions consuming the same prefizes (i.e., prefizes with the same tags), then A = N

and Q = Q’.

The following lemma characterizes sets of compatible prefixes, i.e., prefixes that
can be consumed together in a transaction.

Lemma 2. Let P be a process, and consider a transaction that consumes a set
of prefizes S = {Bi}icr in P. Then for each name x in subj(S) there are two
possibilities:

— x s not bound in P, and it is the subject of exactly one action in S;
— x 1is the subject of two complementary actions in S.

5 From SHR to Zero-Safe Fusion

This section presents a translation from SHR to ZS Fusion Calculus, i.e., given a
graph I' - G and a set of productions Prod describing its behavior, we translate
them into a process [I" = G[g2p together with a set of constant definitions
[Prod]y2.. We also provide an operational correspondence result relating the
original SHR model and its encoding into ZS Fusion.
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Table 2. Translations

Translation From To Section
[®]g2p Graphs Processes
[e]p2c Production sets Constant definitions
[®]a2p SHR actions Prefixes/labels
[e]p2p Productions Processes
[®]a2g Agents Graph terms @
[®]p2a Prefixes SHR actions m

In order to define the mapping above and the inverse mapping presented in
Section [1 we exploit different translation functions, denoted by [e],, distin-
guished by their subscript 7. To make the presentation clearer we summarize
the used translation functions in Table [2

In this section we only consider SHR models whose set Act of SHR actions
is such that In contains at most one action for each arity. Consequently, we
use in, to denote the input action of arity n, and out,, for the corresponding

output action. In addition, we consider only productions I' + G A, oG
where m = id and action 7 is never used in A. We also assume that each SHR
edge is attached to any chosen node at most once. Section [6] shows that these
assumptions are not restrictive.

We assume two bijective mappings: one between SHR nodes and ZS Fusion
names, and the other between SHR edge labels and Fusion constant names. For
simplicity, we will not write these mappings explicitly.

Definition 8 (Translation from graphs to processes). We define the trans-
lation [I' = Gl 42p of a graph I' = G by induction on the structure of G (we drop
I because it is not relevant):

[[L(f)]]g% = L[f] [[Gl‘GQ]]QQP = [[Gl]]92p|[[G2]]92p
vy Glozp = (W)[Glg2p [nil]g2p =0
Lemma 3. If G = G’ then [G]g2p = [G']g2p-

We also need a translation from SHR actions to ZS Fusion prefixes. We overload
the notation using the same translation function also from SHR synchronization
functions A to ZS Fusion labels, since it is a straightforward generalization of
the previous one.

Definition 9 (Translation for actions). Basic actions are translated as fol-
lows:

[[(337 iy, g)HHQP =y

[[(337 outn, zj)]]lﬂp =y

The translation of a synchronization function A is the set S obtained by trans-
lating all the basic actions in A but the ones of the form (x,7,()), which are
deleted. With [A]a2, we also denote \ g .
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As already mentioned, constant definitions are obtained from productions. In
particular, we produce a constant definition for each edge label L.

Definition 10 (Translation from productions to constants). Let L be a
label and let Prody be the set of non-idle productions for L. We can assume
that all the productions in Prody, have the same left-hand-side L(xq,...,x,)
(this can be guaranteed up to «-conversion). Then, the translation of Prody,
gives the following definition:

Llzy,...,z,)2 Z [Pr]p2p

PreProdr,

where the translation of a single production is:

[[F Lizy,...,20) 5 T'F Glysp = (V) (N [azp) 1T - Glgap
leA

where Y/ = I'"\ I'". To be precise the translation above does not produce ZS
Fusion processes, since one can have restrictions just below sums, but one can
easily move them outside to have guarded sums.

FEzample 4. The production

(z,in1,(w)),(y,out1,(w))

z,y - R(z,y) z,y,w b S(w, )

from Example [3] gives rise to the following constant definition:
R[z,y] £ vw (zw A yw).S[w, z]
If we consider also a production:
x,yF R(z,y) — x,y k- vz R(z, 2)|R(z,y)
then the constant definition becomes:
Rlz,y| 2 vw, z (zw A yw).S[w, 2] + A.(R(z, 2)|R(2,y))

We describe now the relation between the possible evolutions of a graph I' - G
and the computations of [I" F G 42,,. Roughly, there is a bijective correspondence
between transitions of I' = G and transactions of [I" - G]g2p. Nevertheless,
the two models handle fusions differently: transactions in ZS Fusion apply the
computed fusion ¢ to restricted names only, and propagate the remaining part,
while SHR transitions apply the substitution 7 (i.e., an mgu of ¢) immediately
to both the obtained graph and the objects of performed actions. We introduce
the notation S <7 to indicate that the substitution 7 is applied only to the
objects of the actions in S. We also write open(P) to denote the set of processes
obtained from P by removing all restrictions (this is a set since bound names
are a-convertible; we assume however that distinct names are kept distinct).

We start the proof of operational correspondence by stating the following
lemma that deals with small-step transitions.
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Lemma 4. For each graph I' = G without restriction operator and each set of

productions Prod, if there is an SHR transition I' - G AT B - G then for
each P' € open([Gyap) there is a small-step P’ s P such that 7 is an mgu of
subst(7y), [A]a2p = comm(y) <7 and Pr € open([G']g2p)-

Proof. The proof is by induction on the derivation of the SHR transition.

Theorem 1. For each graph I' = G and each set of productions Prod, there
is an SHR transition I' - G 25 & + ¢ iff there is a ZS Fusion transaction

[Glg2p % P such that © is an mgu of ¢, S<\m = [A]azp, [G'lg2p = P
andY = (¢\I).

Proof. The only if part is by induction on the derivation of the SHR transition
exploiting Lemma [ The if part exploits Lemma 2] and Lemma [7

Ezample 5 (Ring to star). We can now apply the translation to the ring-to-star
reconfiguration in Example 2l We remember that the final transition is:

x vy, z R(z,y)|R(y, 2)|R(z, ) (&),

x vz, y,w S(w,z)|S(w,y)|S(w, 2)
In the ZS Fusion setting we have:
[ F vy, 2 R(z,y)|R(y, 2)|R(2, 2)]g2p = (y2) Rz, y]|Rly, 2]|R[2, z]
We also have the following constant definition:
Rlz,y| £ vw (vw A yw).Sw, 7]
Thus, the starting process is structural congruent to:
(wrwawsyz) (xwy Ayws).Slwr, z]|(ywe A zws).Swa, y]|(zws A zws).Sws, 2]

The only small step that can be lifted to a transaction is:

(xwy A ywy).S[wy, z]|(ywa A zws).Swae, y]|(zws A zws).S[ws, 2]
()-S[wi, 2]|().Slws, Y]l (). S[ws, 2]

By applying rule (Cmt) and rule (Pass) twice, we derive:

{wi=wo=ws}
e T

(yz)(xwy A ywy).S[wy, z]|(ywa A zws).Swae, y]|(zws A zws).Sws, 2]
La=2), (y2)Slwn, al STz, )| STus, 2

Finally, we can apply rule (Scope) twice and rule (Pass) for deriving:
(v wawsyz)(xwy A ywy).Slwy, z]|(ywe A zws).Sws, y]|(zws A zws).Sws, 2]

=L (w1yz)Slwr, «]|S[w1, ]| S[wi, 2]

which is the desired transaction.
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6 About Assumptions

This section is devoted to discuss the assumptions made in the previous section,
in particular:

1. there is at most one SHR input action for each arity;

2. each edge is attached to any chosen node at most once;

3. in all SHR productions, the substitution 7 is the identity and action 7 is
never used.

The discussions below, and the first one in particular, besides justifying the
assumptions made to simplify the mapping, highlight some properties of SHR.

6.1 Simulating Multiple Actions

SHR, contrary to common nominal calculi that have prefixes of the form xy,
featuring only the subject and the objects, has prefixes of the form zay including
also an action a. We show below that while having actions is very handy from the
specification point of view since it allows for much more compact specifications, it
does not change the expressive power. Notice that the simulation of many actions
exploits multiparty synchronizations, and could not be done in such a way e.g. in
Fusion Calculus. Notice also that prefixes of different arities behave in different
ways also in Fusion Calculus, thus having no actions actually corresponds in
SHR to have at most one action for each arity.

To show that the introduction of multiple actions does not change the expres-
sive power, we show that any Milner SHR model can be mapped into a Milner
SHR model where any two input actions have different arities preserving the
original behavior.

The mapping works as follows. Suppose we have n input actions denoted by a;
with ¢ € {1,...,n}, and their corresponding output actions. We consider a map-
ping that translates any node x into a tuple of n+ 1 nodes written x, 1, ..., Zy.
For instance, if we have two input actions a; and as with arity 1 then the graph
x,y F L(z,y) is translated into x,z1, z2,y,y1,y2 b L(z, 1, x2,y,y1,y2). Then,
performing an action a, over the node z is translated as the execution of the
unique action a on both x, and z, where x is used for mutual exclusion. The
same parameters, that are the translation of the original ones, are sent on both
channels.

We denote the translation function defined above by [e],21, and we consider
its trivial extension to SHR productions.

Ezample 6. The transition z,y - L(z,y) (o)), xz,y b L(z,z) is translated
into:

(z,a,(y,y1,y2)),(®1,0,(y,y1,92))

Z,T1,22,Y,Y1,Y2 F L($a$17$27yal/17y2)

T, 1, T2, Y, Y1, Y2 = L(x, 21,2, 7,71, T2)



Synchronous Multiparty Synchronizations and Transactions 91

The following theorem states the behavioral correspondence between the two
models.

Theorem 2. The transition I' - G 2% & - G can be derived using produc-

tions in Prod iff [ + G]n21 L LN
productions in [Prod],z .

[ F G')n21 can be derived using

Proof. By induction on the derivation I' - G AT p1 G

6.2 Each Edge is Attached to Any Chosen Node at Most Once

This is the most important assumption that we have made. Notice that such a
restriction is not preserved by general SHR transitions. Nevertheless, we require
this condition in order to simplify the definition of the encoding presented in
Section Bl This restriction avoids the following mismatch: actions belonging to
the same prefix in a ZS Fusion process are executed sequentially and, hence,

they cannot interact with each other, while two actions in the same SHR pro-

duction can interact. For instance, the production z,y F L(z,y) (e, e ),

xz,y F L(z,y) may be applied to the edge L(xz,z) for deriving the transition
x b L(x,x) Eml), o L(x, z).

Nevertheless, we can model the above system by avoiding non linear attach-
ments as follows. We represent the edge L(z,y) by using two different edges
Ly (z,w) and Lo(y,w), whose corresponding productions are:

2w b Ly (z,w) Z20000),

,a,()),(w,b,
) (y,0,()),(w,b,()) 2,y F La(y, w)

z,y F L1(1'7U/)
y,wk La(y,w

Note that we use a new auxiliary action b for synchronizing the rewritings of
Ly and Lo. Then, the initial graph =,y F L(z,y) can be simulated by the graph
z,y b vw (Li(z,w)|La(y, w)). Consequently, we can simulate the transition x F

L(z,x) Lml), L L(x,z) with the following one:

(z,7,))
=

x b vw (Ly(z,w)| Lo (z,w)) x b vw (Ly(z,w)|Lay(z,w))

6.3 No Non-trivial Renamings Nor 7 Actions in SHR Productions

Requiring substitutions appearing in SHR productions to be the identity does
not affect the expressive power, since it is almost folklore that in SHR arbitrary
idempotent substitutions can be generated by adding a synchronization on a
private node z. Analogously, a 7 action on a node can be generated by perform-
ing two complementary actions on the node itself. Thus one can use a simple
encoding to map SHR models with arbitrary substitutions and 7 actions onto
models without them.
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7 From Zero-Safe Fusion to SHR

We extend the approach followed in [6] for translating Fusion processes into SHR
graphs. Basically, every sequential agent is encoded as a graph containing exactly
one edge, whose label corresponds to the sequential agent renamed so to use only
standard names. To this end, we exploit the notion of standard decomposition
introduced by Definition [

Definition 11 (Translation of ZS Fusion agents). The translation [ ]a24
from Fusion agents to graph terms is defined as follows:

- [[Oﬂazg = ml

— [Sla2g = Lp(fnarray(P)), where P is the process corresponding to the se-
quential agent S.

[P P2]lazg = [Pi]la2g|[P2]azg

= [(@)Plazg = va [Plazg

[Clollazg = [P{7/@}azg. if C[Z] = P

Lemma 5. P, = Py = [Pi]a2g = [P2]a2g-

Note that a sequential agent ), 3;.P; is translated as a graph [» ", £;.P;]a24, con-
taining just one edge. Then, we define the set of SHR productions corresponding
to a ZS Fusion process by defining the behavior of each edge. The following
auxiliary definition provides a mapping for communication actions.

Definition 12 (Translation of communication actions). Communication
actions are translated as follows:

— [uZ]p2a = (inn, &) where n = |Z|
— [uZ]p2qa = (out,, Z) where n = |Z|

The productions corresponding to a particular sequential agent are defined as
follows.

Definition 13 (Productions for a ZS Fusion agent). Let S =", (;.P; be a
sequential agent and I' = fn(S) the set of free names in S. The set of productions
Ps associated with S contains the following rules (one for each possible i).

Ag, A 7mg. 73,
I'+= [[Z Bi.Pillazg AL I'mg, F [Pimp,Jlaz2g

where

(e p2a if « € comm(B;) and subj(a) =z
Ap,(@) = {undeﬁned otherwise

and g, is an mgu of subst(;).

Lemma 6. Let P be a ZS Fusion process and o a renaming. Then [Plaoq0 =
[[PO’]]agg.
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The remaining of this section is devoted to show the completeness and soundness
of the encoding. The following lemma states the completeness of the encoding
for small-steps.

Lemma 7. Let P be a static ZS Fusion process. If A + P % P" and A’ +
P" 22, P’ where P' is stable and AN A" =0, then for each I' D fu(P) and for
each mgu m of subst(y1 N 7y2):

A7,

I+ [Pllazg I b [P'7]azg

where

[alp2a if a € comm(y1 Avy2) and subj(a) = x
Alx) = { (1, () ife e AUA and Ba € comm(yi Ay2) with subj(a) =x
undefined otherwise

Proof. By induction on the derivation A+ P - P”.

The completeness of the encoding considering ZS transactions and SHR transi-
tions is stated by the following theorem.

Theorem 3. Let P be a static ZS Fusion process. If P NESLEN

each I' O tn(P) and for each ™ mgu of ¢:

P', then for

Aldm,m

I+ [Pllazg I b [P'r]az,

where

Alx) = [ p2a if o € S and subj(a) =
)= undefined or (1, () otherwise

(¥)S.9

Proof. By induction on the derivation P P’ using Lemma [7

The following results show the soundness of the encoding.

Lemma 8. Let P be a static ZS Fusion process without restrictions. If '
[Plazg 25 & - G with fn(P) C T, then A+ P L P!, with G = [P'n]azg,
& = I'm, m is an mgu of subst(y), and A = A" <7 where

lalp2a if a € comm(y) and subj(a) =z
A(x) =< (1,() if v € A and Aa € comm(y) with subj(a) =x
undefined otherwise

Proof. By induction on the derivation I" i [P]a24 AT 61 G
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Theorem 4. Let P be a static ZS Fusion process. If I' = [Plazg AT g+ G

with fn(P) C T, then P 2224 P with G = [P'r]azg, @ = (I'm U {Y}), 7 is

an mgu of ¢, and A = A" <7 where

A(z) = [e]p2a if « € S and subj(a) =z
undefined or (7,())  otherwise

Proof. By induction on I" - [P]a24 AT G, using Lemma [8

8 Conclusion

We have shown the strict relationship between SHR and ZS Fusion Calculus, in
particular highlighting how synchronous multiparty synchronizations can be im-
plemented using binary synchronizations and a transactional mechanism. This
can be used as a starting point to provide a distributed implementation of SHR.
We leave for future work the analysis of the relationships between SHR and ZS
Fusion from an observational point of view, instead of the operational one con-
sidered here. Actually, there are some differences between the observations that
can be done on SHR and on ZS Fusion, e.g. because of the different treatment of
substitutions and because of 7 actions, thus the observational relation between
the two models is not straightforward.

Other possible lines for future work are the analysis of the expressive power
and usability of ZS Fusion calculus, and its comparison with other transactional
frameworks such as, e.g., CJoin [19], wt [20], and Webr [2I]. The transactional
mechanism of ZS Fusion is quite minimal and more in the ACID transactions
style, thus it would be interesting to compare it with the calculi above that
exploit the compensation approach.
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Abstract. Reconfigurable place/transition systems are Petri nets with initial
markings and a set of rules which allow the modification of the net during runtime
in order to adapt the net to new requirements. For the transformation of Petri nets
in the double pushout approach, the categorical framework of adhesive high-level
replacement systems has been instantiated to Petri nets. In this paper, we show
that also place/transition systems form a weak adhesive high-level replacement
category. This allows us to apply the developed theory also to tranformations
within reconfigurable place/transition systems.

1 Introduction

Petri nets are an important modeling technique to describe discrete distributed systems.
Their nondeterministic firing steps are well-suited for modeling the concurrent behavior
of such systems. The formal treatment of Petri nets as monoids by Meseguer and Mon-
tanari in [1]] has been an important step for a rigorous algebraic treatment and analysis
of Petri nets which is also used in this paper.

As the adaptation of a system to a changing environment gets more and more impor-
tant, Petri nets that can be transformed during runtime have become a significant topic in
recent years. Application areas cover e.g. computer supported cooperative work, multi
agent systems, dynamic process mining and mobile networks. Moreover, this approach
increases the expressiveness of Petri nets and allows for a formal description of dynamic
changes.

In [2]}, the concept of reconfigurable place/transition (P/T) systems was introduced
for modeling changes of the net structure while the system is kept running. In detail, a
reconfigurable P/T system consists of a P/T system and a set of rules, so that not only
the follower marking can be computed but also the net structure can be changed by rule
application. So, a new P/T system is obtained that is more appropriate with respect to
some requirements of the environment. Moreover, these activities can be interleaved. In
[3]], the conflict situation of transformation and token firing has been dealt with. In this
paper, we give the formal foundation for transformations of P/T systems.

For rule-based transformations of P/T systems we use the framework of adhesive
high-level replacement (HLR) systems [4] 3] that is inspired by graph transformation
systems [6]. Adhesive HLR systems have been recently introduced as a new categor-
ical framework for graph transformation in the double pushout approach [4} [3]]. They

* This work has been partly funded by the research project 4 MA/NET of the German Research
Council (see http://tfs.cs.tu-berlin.de/formalnet/).

P. Degano et al. (Eds.): Montanari Festschrift, LNCS 5065, pp. 96 2008.
(© Springer-Verlag Berlin Heidelberg 2008
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combine the well-known framework of HLR systems with the framework of adhesive
categories introduced by Lack and Sobocifiski [[7]. The main concept behind adhesive
categories are the so-called van Kampen squares. These ensure that pushouts along
monomorphisms are stable under pullbacks and, vice versa, that pullbacks are stable
under combined pushouts and pullbacks. In the case of weak adhesive HLR categories,
the class of all monomorphisms is replaced by a subclass M of monomorphisms closed
under composition and decomposition, and for the van Kampen properties certain mor-
phisms have to be additionally M-morphisms.

In this paper, we present the formal foundations for transformations of nets with
markings. We show that the category of P/T systems is a weak adhesive HLR cate-
gory which allows the application of the developed theory also to tranformations within
reconfigurable P/T systems. This theory comprises many results concerning the applica-
bility of rules, the embedding and extension of transformations, parallel and sequential
dependence and independence, and concurrency of rule applications, and hence gives
precise notions for concurrent or conflicting situations in reconfigurable P/T systems.
Our work is illustrated by an example in the area of mobile emergency scenarios.

This paper is organized as follows. In Section[2] we introduce weak adhesive HLR
categories and adhesive HLR systems. The notion of reconfigurable P/T systems is
presented in Section[3] In Section[d] we show that the category PT'Sys used for recon-
figurable P/T systems is a weak adhesive HLR category. Finally, we give a conclusion
and outline related and future work in Section 3

2 Adhesive HLR Categories and Systems

In this section, we give a short introduction to weak adhesive HLR categories and sum-
marize some important results for adhesive HLR systems (see [4]) which are based on
adhesive categories introduced in [7].

The intuitive idea of an adhesive or (weak) adhesive HLR category is a category with
suitable pushouts and pullbacks which are compatible with each other. More precisely,
the definition is based on so-called van Kampen squares.

The idea of a van Kampen (VK) square is that of a pushout which is stable under pull-
backs, and vice versa that pullbacks are stable under combined pushouts and pullbacks.

Definition 1 (van Kampen square). A pushout (1) is a van Kampen square if for any
commutative cube (2) with (1) in the bottom and the back faces being pullbacks it holds
that: the top face is a pushout if and only if the front faces are pullbacks.
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Not even in the category Sets of sets and functions each pushout is a van Kampen
square. Therefore, in (weak) adhesive HLR categories only those VK squares of Def.
[0l are considered where m is in a class M of monomorphisms. A pushout (1) with
m € M and arbitrary f is called a pushout along M.

The main difference between (weak) adhesive HLR categories as described in [4} 3]
and adhesive categories introduced in is that a distinguished class M of
monomorphisms is considered instead of all monomorphisms, so that only pushouts
along M-morphisms have to be VK squares. In the weak case, only special cubes are
considered for the VK square property.

Definition 2 ((weak) adhesive HLR category). A category C with a morphism class
M is a (weak) adhesive HLR category, if

1. M is a class of monomorphisms closed under isomorphisms, composition (f :
A—-BeM,g:B—CeM= gofe M)anddecomposition(go [ €
M,ge M= fe M)

2. C has pushouts and pullbacks along M-morphisms and M-morphisms are closed
under pushouts and pullbacks,

3. pushouts in C along M-morphisms are (weak) VK squares.

For a weak VK square, the VK square property holds for all commutative cubes with

me Mand(f € Morb,c,d e M) (see Def.[I).

Remark 1. M-morphisms closed under pushouts means that given a pushout (1) in
Def. M with m € M it follows that n € M. Analogously, n € M implies m € M for
pullbacks.

The categories Sets of sets and functions and Graphs of graphs and graph morphisms
are adhesive HLR categories for the class M of all monomorphisms. The categories
ElemNets of elementary nets and PTNet of place/transition nets with the class
M of all corresponding monomorphisms fail to be adhesive HLR categories, but they
are weak adhesive HLR categories (see [8]]). Elementary Petri nets, also called condi-
tion/event nets, have a weight restricted to one, while place/transition nets allow arbi-
trary finite arc weights. Instead of the original set theoretical notations used in [9,[10] we
have used in [4] a more algebraic version based on power set or monoid constructions
as introduced in [1]].

Now we are able to generalize graph transformation systems, grammars and lan-
guages in the sense of [11} 4.

In general, an adhesive HLR system is based on rules (or productions) that describe
in an abstract way how objects in this system can be transformed. An application of a
rule is called a direct transformation and describes how an object is actually changed
by the rule. A sequence of these applications yields a transformation.

Definition 3 (rule and transformation). Given a (weak) adhesive HLR category

(C, M), arule prod = (L LKL R) consists of three objects L, K and R called left
hand side, gluing object and right hand side, respectively, and morphisms | : K — L,
r: K — Rwithl,re M.
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Given a rule prod = (L LKL R) and an object G with a morphismm : L — G,

. . d . L.
called match, a direct transformation G "“=2" H from G to an object H is given by the
Jfollowing diagram, where (1) and (2) are pushouts. A sequence Gy — G1 = ... =
G, of direct transformations is called a transformation and is denoted as Gy = G,,.

h
=
=y

An adhesive HLR system AHS = (C, M, RULES) consists of a (weak) adhesive
HLR category (C, M) and a set of rules RULES.

Remark 2. Note that given a rule prod and a match m pushout (1) is constructed as the
pushout complement, which requires a certain gluing condition to be fulfilled.

3 Reconfigurable P/T Systems

In this section, we formalize reconfigurable P/T systems as introduced in [2]. As net
formalism we use P/T systems following the notation of “Petri nets are Monoids”

in [1].

Definition 4 (P/T system). A P/T net is given by PN = (P, T, pre, post) with places
P, transitions T, and pre and post domain functions pre, post : T — P®.
A P/T system PS = (PN, M) is a P/T net PN with marking M € P®.

P® is the free commutative monoid over P. The binary operation & leads to the monoid
notation, e.g. M = 2p; & 3p, means that we have two tokens on place p; and three
tokens on p». Note that M can also be considered as a function M : P — NN, where
only for a finite set P’ C P we have M (p) > 1 with p € P’. We can switch between
these notations by defining Zpep M(p)-p= M € P®. Moreover, for My, My € P®
we have My < My if M, (p) < My (p) for all p € P. A transition ¢ € T is M-enabled
for a marking M € P® if we have pre(t) < M, and in this case the follower marking
M’ is given by M’ = M © pre(t) @ post(t) and (PN, M) —— (PN, M’) is called
a firing step. Note that © is the inverse of @, and M © My is only defined if we have
My < M.

In order to define rules and transformations of P/T systems we introduce P/T mor-
phisms which preserve firing steps by Condition (1) below. Additionally they require
that the initial marking at corresponding places is increasing (Condition (2)) or equal
(Condition (3)).

Definition 5 (P/T Morphism). Given P/T systems PS; = (PN;, M;) with PN; =
(P, Ty, pre;, post;) for i = 1,2, a P/T morphism f : (PN, My) — (PNa, Ms) is
given by f = (fp, fr) with functions fp : P — Py and fp : Th — T> satisfying
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(1) fg oprey = pres o fr and fg o posty, = posts o fr,
(2) Mi(p) < Ma(fp(p)) forallp € P;.

Note that the extension [ : PP — Py’ of fp : Pi — Paisdefinedby f5 (>, ki-
pi) = >y ki fp(pi)- (1) means that f is compatible with pre and post domains, and
(2) that the initial marking of PN1 at place p is smaller or equal to that of PNy at

fe(p).

Moreover, the P/T morphism f is called strict if fp and fr are injective and

(3) Mi(p) = Ma(fp(p)) forallp € Pi.

P/T systems and P/T morphisms form the category PTSys, where the composition
of P/T morphisms is defined componentwise for places and transitions.

Remark 3. For our morphisms we do not always have f5(M;) < M. B.g., My =
p1 @ pa, My = pand fp(p1) = fp(p2) = pimplies 5 (M) = 2p > p = My, but
Mi(p1) = Mi(p2) = 1 = Mz(p).

P/T Nets and morphisms satisfying (1) form the category PTNet.

Based on the category PTSys and the morphism class M g;c¢ of all strict P/T mor-
phisms we are now able to define reconfigurable P/T systems. They allow the modifica-
tion of the net structure using rules and net transformations of P/T systems, which are
instantiations of the corresponding categorical concepts defined in Section 2l

Definition 6 (Reconfigurable P/T System). Given a P/T system (PN, M) and a set
RULES of rules, a reconfigurable P/T system is defined by (PN, M), RULES).

Example 1. We will illustrate the main idea of reconfigurable P/T systems in the area
of a mobile scenario. This work is part of a collaboration with some research projects
where the main focus is on an adaptive workflow management system for mobile ad-hoc
networks, specifically targeted to emergency scenarios L.

Our scenario takes place in an archaeological disaster/recovery mission: after an
earthquake, a team (led by a team leader) is equipped with mobile devices (laptops
and PDAs) and sent to the affected area to evaluate the state of archaeological sites and
the state of precarious buildings. The goal is to draw a situation map in order to sched-
ule restructuring jobs. The team is considered as an overall mobile ad-hoc network in
which the team leader’s device coordinates the other team members’ devices by provid-
ing suitable information (e.g. maps, sensible objects, etc.) and assigning activities. For
our example, we assume a team consisting of a team leader as picture store device and
two team members as camera device and bridge device, respectively. A typical coop-
erative process to be enacted by a team is shown in Fig. [l as P/T system (PNy, M),
where only the team leader and one of the team members are yet involved in activities.

The work of the team is modeled by firing steps. So to start the activities of the camera
device the follower marking of the P/T system (PN7, M) is computed by firing the
transition Select Building, then the task Go to Destination can be executed etc.

As areaction to changing requirements, rules can be applied to the net. A rule prod =

((L, My) L (K,Mg) = (R, Mg)) is given by three P/T systems and a span of two

"IST FP6 WORKPAD: ht t p: // www. wor kpad- pr o] ect . eu
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(PN, M71)

Select Building

Go to Destination

Make Photo

Matching

Team Leader Team Member 1
(picture store device) (camera device)

Fig. 1. Cooperative process of the team

strict P/T morphisms [ and 7 (see Def. B)). For the application of the rule to the P/T
system (P Ny, M), we additionally need a match morphism m that identifies the left-
hand side L in PN;.

The activity of taking a picture can be refined into single steps by the rule prodppoto,
which is depicted in the top row of Fig. [2l The application of this rule to the net

(PNy, M) leading to the transformation (PNy, M, ) " *222°™ ( PNy, Ms,) is shown
in Fig.

To predict a situation of disconnection, a movement activity of the bridge device
has to be introduced in our system. In more detail, the workflow has to be extended by
a task to follow the camera device. For this reason we provide the rule prod o100 de-

prodoiigw.m’
) —

picted in the upper row in Fig.[3l Then the transformation step (P Nz, M,
(P N3, M3) is shown in Fig. Bl

Summarizing, our reconfigurable P/T system ((PNy, Mi), {prodphotos
prodfoliow }) consists of the P/T system (PNy, M) and the set of rules {prod,hoto,
prodoliow } as described above.

Conflicts in Reconfigurable P/T Systems

The traditional concurrency situation in P/T systems without capacities is that two tran-
sitions with overlapping pre domain are both enabled and together require more tokens
than available in the current marking. As the P/T system can evolve in two different ways,
the notions of conflict and concurrency become more complex. We illustrate the situ-
ation in Fig. @] where we have a P/T system (P Ny, My) and two transitions that are
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(LI’MLl) (KI’MKl) (RI’MRl)

@) @)
Zoom on

l r
Make Photo 4_1 _;

Capture Scene

Send Photos

"y ¢ |

(PN, M1) (PN, M) (PNg, My)

Select Building Select Building

Go to Destination|

O
O

Zoom on
damaged part

Make Photo

Capture Scene

Send Photos

Matching Matching Matching

ProdyhotoM
—

Fig. 2. Transformation step (P N1, M) (PN2, M>)

both enabled leading to firing steps (PNo, My) — (PNo, M}) and (PNy, My) 2
(PNo, M), and two transformations (P Ng, M) " 22£™ (P Ny, My) and (P Ny, M)

prodsa,ma

=~ (PN3, M>) via the corresponding rules and matches.
The squares (1) ... (4) can be obtained under the following conditions:

For square (1), we have the usual condition for P/T systems that ¢; and ¢, need to be
conflict free, so that both can fire in arbitrary order or in parallel yielding the same
marking.

For squares (2) and (3), we require parallel independence as introduced in [3]]. Paral-
lel independence allows the execution of the transformation step and the firing step
in arbitrary order leading to the same P/T system. Parallel independence of a transi-
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(L2, Mp,) O (K2, Mgy) O (R2, MR,) O

Go to Destination|

Go to Destination

Send Photos

Send Photos

™4 | {

(PNg, M) (PN’, M") (PNg, M3)

Select Building Select Building

Go to Destination
Zoom on
damaged part

Capture Scene

Capture Scene

Send Photos

Matching Matching

Matching

!
prodgoiiow,m
—

Fig. 3. Transformation step (P N2, M2) (PN3, M3)

tion and a transformation is given — roughly stated — if the corresponding transition
is not deleted by the transformation and the follower marking is still sufficient for
the match of the transformation. A detailed formal presentation and analysis of this
case is given in [3].

For square (4), we have up to now no conditions to ensure parallel or sequential ap-
plication of both rules. In this paper, we give these conditions by using results for
adhesive HLR systems (see Section[2).

Note that in our framework it is not possible to reduce the conflicts to the case of
square (4) by implementing the firing steps by rules. This is due to the fact that the rule
morphisms have to be marking strict. Moreover, not only rules but rule schemas would
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/
(PNo, MU'y 22— (PN, M) =220y, 0r))
A A

t1 (1) t1 (2) th

(PNo, MY/)~—t2— (PNo, Mo)—2E2LT o, 1))

proda, mbh (3) iprods,ma  (4) lprods, ms
Y A 4 A 4

(PNQ,Mé) 7 (PNQ,MQ)W(PNQ;,M;})

Fig. 4. Concurrency in reconfigurable P/T systems

be needed leading to one rule for each kind of transition with n ingoing and m outgoing
arcs.

In [4], the following main results for adhesive HLR systems are shown for weak
adhesive HLR categories:

1. Local Church-Rosser Theorem,
2. Parallelism Theorem,
3. Concurrency Theorem.

The Local Church-Rosser Theorem allows one to apply two graph transformations
G = H; via prod; and G = Hs via prods in an arbitrary order leading to the
same result H, provided that they are parallel independent. In this case, both rules can
also be applied in parallel, leading to a parallel graph transformation G = H via the
parallel rule prod; + prods. This second main result is called the Parallelism Theorem
and requires binary coproducts together with compatibility with M (i.e. f,g € M =
f+ g € M). The Concurrency Theorem is concerned with the simultaneous execution
of causally dependent transformations, where a concurrent rule prod; * prods can be
constructed leading to a direct transformation G = H via prod; * prods (see Ex.
in Section ).

4 P/T Systems as Weak Adhesive HLR Category

In this section, we show that the category PTSys used for reconfigurable P/T sys-
tems together with the class M g4y of strict P/T morphisms is a weak adhesive HLR
category. Therefore, we have to verify the properties of Def.

First we shall show that pushouts along M g.;ct-morphisms exist and preserve
M strict-morphisms.

Theorem 1. Pushouts in PTSys along Mgt exist and preserve M gipict-
morphisms, i.e. given P/T morphisms [ and m with m strict, then the pushout (PO)
exists and n is also a strict P/T morphism.
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PSy PS;
I (PO) g
PSy PS3

Construction. Given P/T systems PS; = (PN;, M;) fori = 0,1,2 and f,m €
PTSys with m € Mie¢ We construct P N3 as pushout in PTNet, i.e. componen-
twise in Sets on places and transitions. The marking M3 leading to the P/T system
PS5 = (PNs, Ms) is defined by

(1) ¥p1 € Pr\m(Po): M3(g(p1)) = Mi(p1)
(2) ¥p2 € P\ f(Py): M3(n(p2)) = Ma(p2)
(3) Vpo € Po: Ms(no f(po)) = Ma(f(po))

Remark 4. Actually, we have M3 = g% (M; © m®(My)) & n®(Ms). (2) and (3) can
be integrated, i.e. it is sufficient to define Vpy € Po: M3(n(p2)) = Ma(p2).

Proof. Since PNj is a pushout in PTNet with g, n jointly surjective we construct a
marking for all places ps € Ps. (1) and (2) are well-defined because g and n are injective
on Pi\m(Fy) and P\ f(FPp), respectively. (3) is well-defined because for n(f(pg)) =

n(f(py)), n being injective implies f(po) = f(p,) and hence Msy(f(po)) =
My (f(po))-

First we shall show that g, n are P/T morphisms and 7 is strict.

1. Vp; € Py we have:
1
1. p1 € Pi\m(Py) and M (p1) W Ms3(g(p1)) or

2. EIpO € P() with P = m(po) and Ml(pl) — 1(m(p0)) ms:trlct
fEPTSys

M
Mo(po) < Ma(f(po)) @ M;3(n(f(po))) = Mz(g(m(po))) = Mz(g(p1))-
This means g € PTSys.
2. Vpo € P, we have:
(

1. po € PQ\f(P()) and Mg(pg) = Mg(n(pg)) or

2. 3po € Py with ps = f(po) and Ms(ps) = Ma(f(po)) & Ma(n(f(po))) =
Ms(n(pz2))-

This means n € PTSys and n is strict.

—

It remains to show the universal property of the pushout.

Given morphisms h, k € PTSys with h o f = k o m, we have a unique induced
morphism z in PTNet with xon = h and x o g = k. We shall show that z € PTSys,
i.e. Mg(pg) < M4($(p3)) for all 3 € Ps.
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—~
N

1. For ps3 k: g(é)l) with p1 € Pi\m(Fy) we have Ms(ps) = Ms(g(p1)) =
cPTSys
Mi(p1) < Ma(k(p1)) = Ma(x(g9(p1))) = Ma(z(ps3)). o)

2. For ps3 h:P;LS(pQ) with po € P, we have Ms(ps) = M;s(n(p2)) =
My(p2) < Y My(h(p2)) = My(z(n(p2))) = Ma(z(p3))- O

As next property, we shall show that pullbacks along M g,.;¢-morphisms exist and
preserve M gi..;¢-morphisms.

Theorem 2. Pullbacks in PTSys along Mgirict exist and preserve Mgppict-
morphisms, i.e. given P/T morphisms g and n with n strict, then the pullback (PB)
exists and m is also a strict P/T morphism.

PSy—2—PS5,;

f g

(PB)

PSy——7—PSs

Construction. Given P/T systems PS; = (PN;, M;) for i = 1,2,3 and g,n €
PTSys with n € Mg We construct PNy as pullback in PTNet, i.e. compo-

nentwise in Sets on places and transitions. The marking M leading to the P/T system
PSy = (PNy, My) is defined by

(*) Vpo € Py : Mo(po) = Mi(m(po)).

Proof. Obviously, M is a well-defined marking. We have to show that f,m are P/T
morphisms and m is strict.
(%) gePTSys
I.Vpo € Py we have: Mo(po) = Mi(m(po)) < Ms(g(m(po))) =
Ms(n(f(po))) "= My(f(po)). This means f € PTSys.

2. Vpo € Py we have: My(po) © M;i(m(pp)), this means m € PTSys and m is
strict.

It remains to show the universal property of the pullback.

Given morphisms h,k € PTSys with n o h = g o k, we have a unique induced
morphism z in PTNet with fox = hand mox = k. We shall show that x € PTSys,
i.e. M4(p4) < Mo(ac(p4)) for all P4 € Py.
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PS,
N k
PSy PS,
h
fl (PB) |s
PSSy PS;
kePTSys m strict
For py € P, we have My(p4) < Mi(k(ps)) = Mi(m(xz(ps))) =
Mo (z(pa)). O

It remains to show the weak VK property for P/T systems. We know that
(PTNet, M) is a weak adhesive HLR category for the class M of injective mor-
phisms [4] 8], hence pushouts in PTNet along injective morphisms are van Kampen
squares. But we have to give an explicit proof for the markings in PTSys, because
diagrams in PTSys as in Thm. [[l with m,n € M .icr, Which are componentwise
pushouts in the P- and T'-component, are not necessarily pushouts in PTSys, since
we may have Ms(g(p1)) > M;(p1) for some p; € P\m(F).

Theorem 3. Pushouts in PTSys along M sirict-morphisms are weak van Kampen
squares.

Proof. Given the following commutative cube (C) with m € M yier and (f € Mgprier
orb,c,d € Mgirict), where the bottom face is a pushout and the back faces are pull-
backs, we have to show that the top face is a pushout if and only if the front faces are
pullbacks.

P,

/

psg

”=""If the top face is a pushout then the front faces are pullbacks in PTNet, since
all squares are pushouts or pullbacks in PTNet, respectively, where the weak VK
property holds. For pullbacks as in Thm. [2] with m,n € Mgpict, the marking My
of PNy is completely determined by the fact that m € M g,.;t. Hence a diagram in
PTSys with m,n € Mgt s a pullback in PTSys if and only if it is a pullback in
PTNet if and only if it is a componentwise pullback in Sets. This means, the front
faces are also pullbacks in PTSys.

<" If the front faces are pullbacks we know that the top face is a pushout in
PTNet. To show that it is also a pushout in PT'Sys we have to verify the conditions
(1)-(3) from the construction in Thm. [Tl

a PSl
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(1) For p} € P{\m/(P}) we have to show that M}(¢'(p})) = Mi(p}).
If f is strict then also ¢g and ¢ are strict, since the bottom face is a pushout and
the right front face is a pullback, and M g,.;c; is preserved by both pushouts and
pullbacks. This means that M/ (p}) = M5(g'(p}))-
Otherwise b and d are strict. Since the right back face is a pullback we have b(p}) €
Py \m(Py). With the bottom face being a pushout we have

(a) Ma(g(b(p)))) L My (b(p})).

d strict

It follows that Mz(¢'(py)) ~=" Ma(d(g'(p}))) = Ms(g(b(p1))) =
Mi(b(p)) "= M{(p)).

(2) and (3) For p, € P} we have to show that M4 (n'(ph)) = M4 (ph).
With m being strict also n and n’ are strict, since the bottom face is a pushout and

the left front face is a pullback, and M;c¢ is preserved by both pushouts and
pullbacks. This means that M (p}) = Mj(n'(ph)).

O

We are now ready to show that the category of P/T systems with the class M ¢picr Of
strict P/T morphisms is a weak adhesive HLR category.

Theorem 4. The category (PTSys, Mgirict) is a weak adhesive HLR category.

Proof. By Thm.[Il and Thm. Pl we have pushouts and pullbacks along M g4;.;ct-mor-
phisms in PTSys, and M. is closed under pushouts and pullbacks. Moreover,
Mstrict 18 closed under composition and decomposition, because for strict morphisms
f i PS1 — PSy, g: PSy — PS3 we have Mi(p) = Ma(f(p)) = Ms(go f(p))
and M (p) = Ms(g o f(p)) implies Mi(p) = Ma(f(p)) = Ms(g o f(p))- By
Thm. Bl pushouts along strict P/T morphisms are weak van Kampen squares, hence
(PTSys, Mgirict) is a weak adhesive HLR category. ]

Since (PTSys, Mgtrict) is a weak adhesive HLR category, we can apply the results
for adhesive HLR systems given in to reconfigurable P/T systems. Especially, the
Local Church-Rosser, Parallelism and Concurrency Theorems as discussed in Section
are valid in PTSys, where only for the Parallelism Theorem we need as additional
property binary coproducts compatible with M ¢;,.;c, Which can be easily verified.

Example 2. If we analyze the two transformations from Ex. [Tl in Section [3] depicted
in Figs. @l and 3] we find out that they are sequentially dependent, since prodphoto
creates the transition Send Photos which is used in the match of the transformation

d oLlow ! :
(PN2, M>) profdictignm (P N3, M3). In this case, we can apply the Concurrency The-
orem and construct a concurrent rule prodconc = prodphoto * Prod foriow that describes
the concurrent changes of the net done by the transformations. This rule is depicted

. . . . deone,m”’
in the top row of Fig.[§and leads to the direct transformation (P Ny, M) "= ™
(P N3, M3), integrating the effects of the two single transformations into one direct one.
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(LB’ML3) Q

Go to Destination

(K3, MKS) O

Make Photo

Matching

O
l3
<3
Make Photo
O O
m’ l
(PNy, Mq) (PN, M)
‘Go to Destination
O
-—

Matching

Matching

Fig. 5. Direct transformation of (P N1, M1) via the concurrent rule prodconc

5 Conclusion

In this paper, we have shown that the category PTSys of P/T systems, i.e. place/tran-
sition nets with markings, is a weak adhesive HLR category for the class M g4yt Of
strict P/T morphisms. This allows the application of the rich theory for adhesive HLR
systems like the Local Church-Rosser, Parallelismus and Concurrency Theorems to net

transformations within reconfigurable P/T systems.
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Related Work

Transformations of nets can be considered in various ways. Transformations of Petri
nets to a different Petri net class (e.g. in [14])), to another modeling formalism
or vice versa (e.g in 16l [20]]) are well examined and have yielded many
important results. Transformation of one net into another without changing the net class
is often used for purposes of forming a hierarchy in terms of reductions or abstraction
(e.g. in [211, 22} 23 24, 23]), or transformations are used to detect specific properties of
nets (e.g. in 26} 27, 28] 29]). For the relationship of Petri nets with process algebras
and applications to workflow management we refer to [30] and [31]], respectively.

Net transformations that aim directly at changing the net in arbitrary ways as known
from graph transformations were developed as a special case of HLR systems e.g. in [4]].
The general approach can be restricted to transformations that preserve specific prop-
erties as safety or liveness (see [14} 32} 33]]). Closely related are those approaches that
propose changing nets in specific ways in order to preserve specific semantic properties,
as behaviour-preserving reconfigurations of open Petri nets (e.g. in [34]), equivalent
(I/0-) behavior (e.g in [35,[36]]), invariants (e.g. in [37]) or liveness (e.g. in [31).

In [2], the concept of “nets and rules as tokens” has been introduced that is most
important to model changes of the net structure while the system is kept running, while
[3] continues our work by transferring the results of local Church-Rosser, which are
well known for term rewriting and graph transformations, to the consecutive evolution
of a P/T system by token firing and rule applications. The concept of “nets and rules
as tokens” has been used in [39] for a layered architecture for modeling workflows in
mobile ad-hoc networks, so that changes given by net transformation are taken into
account and the way consistency is maintained is realized by the way rules are applied.

In [40]), rewriting of Petri nets in terms of graph grammars are used for the reconfig-
uration of nets as well, but this approach lacks the “nets as tokens”-paradigm.

Future Work

Ongoing work concerns a prototype system for the editing and simulation of such dis-
tributed workflows. For the application of net transformation rules, this tool will provide
an export to AGG [41]], a graph transformation engine as well as a tool for the analy-
sis of graph transformation properties like termination and rule independence. Further-
more, the token net properties could be analyzed using the Petri Net Kernel [42], a tool
infrastructure for Petri nets of different net classes.

On the theoretical side, there are other relevant results in the context of adhesive HLR
systems which could be interesting to apply within reconfigurable P/T systems. One of
them is the Embedding and Extension Theorem, which deals with the embedding of a
transformation into a larger context. Another one is the Local Confluence Theorem, also
called Critical Pair Lemma, which gives a criterion when two direct transformations are
locally confluent. Moreover, it would be interesting to integrate these aspects with those
of property preserving transformations, like lifeness and safety, studied in [33].
As future work, it would be important to verify the additional properties necessary for
these results.

Another extension will be to consider rules with negative application conditions,
which restrict the applicability of a rule by defining structures that are not allowed to
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exist. In [43]], a theory of adhesive HLR systems with negative application conditions is
developed, which should be applied and extended to reconfigurable P/T systems.

For the modeling of complex systems, often not only low-level but also high-level
Petri nets are used, that combine Petri nets with some data specification [44]]. In [8,43],
it is shown that different kinds of algebraic high-level (AHL) nets and systems form
weak adhesive HLR categories. More theory for reconfigurable Petri systems based on
high-level nets is needed, since the integration of data and data dependencies leads to
more appropriate models for many practical problems.
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Explicit State Model Checking for Graph Grammars
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Abstract. In this paper we present the philosophy behind the GROOVE project,
in which graph transformation is used as a modelling formalism on top of which
a model checking approach to software verification is being built. We describe
the basic formalism, the current state of the project, and (current and future)
challenges.

1 Introduction

Our primary interest in this paper is software model checking, in particular of object-
oriented programs. Model checking has been quite successful as a hardware verification
technique and its potential application to software is receiving wide research interest.
Indeed, software model checkers are being developed and applied at several research
institutes; we mention Bogor and Java Pathfinder as two well-known examples
of model checkers for Java.

Despite these developments, we claim that there is an aspect of software that does
not occur in this form in hardware, and which is only poorly covered by existing model
checking theory: dynamic (de)allocation, both on the heap (due to object creation and
garbage collection) and on the stack (due to mutual and recursive method calls and
returns). Classical model checking approaches are based on propositional logic with a
fixed number of propositions; this does not allow a straightforward representation of
systems that may involve variable, possibly unbounded numbers of objects. Although
there exist workarounds for this (as evidenced by the fact that, as we have already seen,
there are working model checkers for Java) we strongly feel that a better theoretical
understanding of the issues involved is needed.

Graphs are an obvious choice for modelling the structures involved, at least informally;
direct evidence of this can be found in the fact that any textbook of object-oriented pro-
gramming uses graphs (of some form) for illustrative purposes. Indeed, a graph model
is a very straightforward way to visualise and reason about heap and stack structures, at
least when they are of restricted size. In fact, there is no a priori reason why this con-
nection cannot be exploited beyond the informal, given the existence of a rich theory of
(in particular) graph transformation — see for instance the handbook [33], or the more
recent textbook [8]]. By adopting graph transformation, one can model the computation
steps of object-oriented systems through rules working directly on the graphs, rather than
through some intermediate modelling language, such as a process algebra.

This insight has been the inspiration for the GROOVE project and tool[] Though
the idea is in itself not revolutionary or unique, the approach we have followed differs

' GROOVE stands for “GRaphs for Object-Oriented VErification.

P. Degano et al. (Eds.): Montanari Festschrift, LNCS 5065, pp. 114 2008.
(© Springer-Verlag Berlin Heidelberg 2008
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from others in the fact that it is based on state space generation directly from graph
grammars; hence, neither do we use the input language of an existing model checker
to translate the graph rules to, like in [35!12]], nor do we attempt to prove properties on
the level of graph grammars, like in [22JT4/21]]. In this paper, we present the elements
of this approach, as well as the current state of the research. It is thus essentially the
successor [23], where we first outlined the approach.

The paper is structured as follows: in Sect. [2] we introduce the formal notion of
graphs and transformations, in a constructive way rather than relying on category the-
oretical notions. In Sect. 3] we define automata, so-called graph transition systems, on
top of graph grammars; we also define bisimilarity and show that there exist minimal
(reduced) automata. (This is a new result, achieved by abstracting away from symme-
tries in a somewhat different way than by Montanari and Pistore in [24]].) In Sect. @l we
define first-order temporal logic on top of graph transition systems; we also present an
equivalent temporal logic based on graph morphisms as core elements, along the lines
of [2816]]. Finally, in Sect.[3lwe give an evaluation and outlook.

2 Transformation of Simple Graphs

We model system states as graphs. Immediately, we are faced with the choice of graph
formalism. In order to make optimal use of the existing theory on graph transformation,
in particular the algebraic approach [, it is preferable to select a definition that gives
rise to a (weakly) adhesive HLR category (see [20/10])), such as multi-sorted graphs
(with separate sorts for nodes and edges, and explicit source and target functions), or
attributed graphs [7] built on top of those. On the other hand, in the GROOVE project
and tool [27]], in which the approach described in this paper was developed, we have
chosen to use simple graphs, which do not fulfill these criteria (unless one also re-
stricts the rules to regular left morphisms, which we have not done), and single-pushout
transformation, as first defined by Lowe in [23]]. There were two main reasons for this
choice:

— In the envisaged domain of application (operational semantics of object-oriented
systems) there is little use for edges with identities (see, e.g., [18]);

— The most straightforward connection to first-order logic is to interpret edges as
binary predicates (see, e.g., [28]); again, this ignores edge identities.

In this paper, we stick to this choice and present the approach based on simple graphs;
in Sect. f] we will come back to this issue.

Throughout this paper we will assume the existence of a universe of labels Label, and a
universe of node identities Node.

Definition 1 (simple graph)

— A simple graph is a tuple (V, E), where V. C Node is a set of nodes and E C
V x Label x V a set of edges. Given e = (v, a,w) € Eg, we denote src(e) = v,
lab(e) = a and tgt(e) = w for its source, label and target, respectively.
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— Given two simple graphs G, H, a (partial) graph morphism f: G — H is a pair
of partial functions fy:Vg — Vg and fg: Eq — Eg, such that for all e €

dom(f), fre(e) = (fv(src(e)), lab(e), fv(tgi(e))).
Some notation and terminology.

— A morphism f is called fotal if fy, and fg are total functions, injective if they are
injective functions, and an isomorphism if they are bijective functions. The total,
injective morphisms are sometimes called monosB

— For f:G — H, we call G and H the source and target of f, denoted src(f) and
tgt(f), respectively. A pair of morphisms with a common source is called a span;
with a common target, a co-span.

— We write G =2 H to denote that there is an isomorphism from G to H, and ¢: G =2

H to denote that ¢ is such an isomorphism. This is extended to the individual

morphisms of spans <L 9,: we write f = ¢ for such morphisms if there is an

isomorphism ¢: tgt(f) — tgt(g) suchthatg = ¢ o f.

We use Morph to denote the set of all (partial) graph morphisms.

Some example graphs will follow below. As a further convention, in figures we will use
node labels to represent self-edges; for instance, in Fig. [Il the labels Buffer, Cell and
Object are used in this way.

Graph morphisms are used for many different purposes, but the following uses stand
out in the context of graph transformation:

— Isomorphisms are used to capture the fact that two graphs are essentially the same.
The whole theory of graph transformation is set up to be insensitive to isomorphism,
meaning that it is all right to pick the most convenient isomorphic representative.

— Total morphisms describe an embedding of one graph into another, possibly while
merging nodes. If a total morphism is also injective, then there is no merging, and
the source graph is sometimes called an (isomorphic) subgraph of the target.

— Arbitrary (partial) morphisms are used to capture the difference between graphs, in
terms of the exact change from the source graph to the target graph. To be precise,
the change consists of deletion of those source graph elements on which the mor-
phism is not defined, merging of those elements on which it is not injective, and
addition of those target graph elements that are not in the image of the morphism.

A core construction in graph transformation is the so-called pushout. This is used as a
way to combine, or glue together, different changes to the same graph; or in particular,
an embedding on the one hand and a change on the other — where both the embedding
and the change are captured by morphisms, as in the second and third items above. In
the following, we define pushouts constructively.

Definition 2 (pushout). Fori = 1,2, let f;: G — H; be morphisms in Morph such that
H; = (V;, E;) with Vi N Va = (; let * be arbitrary such that x ¢ V1 U V.

% This name stems from category theory, where monos are arrows satisfying a particular decom-
position property. We do not elaborate on this issue here.
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1. Fori=1,2, let f;: G — H; be a total extension of f;, defined by adding a distinct
fresh node v' to H; and setting f;(v) = v' for eachv € Vg \ dom(fv.;). Hence,
H, = <‘7z, El) such that V; extends V; with the fresh nodes, and E; extends E; with
the fresh edges implied by the totality of f;.

2. Let V =V, UV, be the union of the extended node sets, and E = E, U E5 that of
the extended edge sets. Let ~ C V x V be the smallest equivalence relation such
that fy1(v) =~ fy2(v) forall v € Vg, and likewise for edges.

3. LetW={X€eV/~| X CViUW}, andfori=1,2, define gy ;: V; — W such
that for all v € V;

gviiv = [l if vl CVIUV, .

Let F = {([v]~, a, [w]~) | [(v,a,w)]~ € Ey U Ex}; moreover, for i = 1,2, define
gp.i: E; — F such that for all (v, a,w) € E;

gE,i: ('U,G//U/) — ([’U]:,Uq [w]ﬁ) lf[(vﬂavw)]ﬁ g El U E2 .
4. Let K = (W, F); then g;: H; — K are morphisms fori = 1,2.

K together with the morphisms g; is called the pushout of the span f1, fa; together they
form the following pushout diagram.

a f1 - H,
f2 g1

\ \
H2 92 - K

The intuition behind the construction is as follows: first (step 1) we (essentially) con-
struct the disjoint union of the two target graphs H; and H», augmented with images
for those elements of GG for which the morphisms f; resp. fo were originally unde-
fined. These fresh images later work like little “time bombs” that obliterate themselves,
together with all associated (i.e., equivalent) elements. In the resulting extended dis-
joint union, we call two elements equivalent (step 2) if they have a common source in
G, under the (extended) morphisms f; or fo. Then (step 3), we construct the quotient
with respect to this equivalence, omitting however the (equivalence classes of the) fresh
nodes and edges added earlier — in other words, this is when the bombs go off.

The name “pushout” for the object constructed in the previous definition is justified
by the fact that it satisfies a particular co-limit property, stated formally in the following
proposition.

Proposition 1 (pushout property). Given morphisms f; as in Def.[2] the pushout is a
co-limit of the diagram consisting of the span f1, f2, meaning that

- g10fi=g20 fo,

— Given any h;: H; — L for i = 1,2 such that hy o f1 = hy o fo, there is a unique
morphism k: K — L such that hy = k o g1 and ho = k o gs; in other words, such
that the following diagram commutes
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G > H,
fa g1
}}2 92 >IV( ha
k
ha \\1

Proof (sketch). We construct k. For a given W € Vi, let ¢ be such that W NV, # (;
let ky (W) = h;(w) for w € W N V;. This is well-defined due to the fact that W
is a ~-equivalence class, in combination with the confluence of the f1g1/f2g2- and
J1ki/ faka-squares of the diagram. kg is defined likewise. k satisfies the necessary
commutation properties by construction. Its uniqueness in this regard can be established
by observing that no other image for any of the nodes or edges of K will make the
pushout diagram commute.

The mechanism we use for generating state spaces is based on graph grammars, con-
sisting of a set of graph production rules and a start graph. The necessary ingredients
are given by the following definition.

Definition 3 (graph grammar)

— A graph production rule is a tuple r = (p: L — R, ac), where p € Morph, and ac
is an application condition on total graph morphisms m: L — G (for arbitrary G)
that is well-defined up to isomorphism of G. We write m = ac to denote that m
satisfies ac. (Well-definedness up to isomorphism of G means that m = ac if and
only if  om |= ac for all graph isomorphisms ¢: G — H.)

A graph grammar is a tuple G = (R, I), where R is a set of production rules and
1 is an initial graph.

— Given a graph production rule r, an r-derivation is a four-tuple (G, r,m, H), typi-
cally denoted G L™ H, such thatm: L, — G E ac, and H is isomorphic to the
pushout graph; i.e., the following square is a pushout:

L. "-R

\ f \
G K =2H

A G-derivation (G a graph grammar) is an r-derivation for some r € Rg.

The definition is slightly sloppy in that our pushout construction is only defined if
the right hand side R, and the host graph GG have disjoint node sets. This is in practice
not a problem because we are free to take isomorphic representatives where required;
in particular, we can make sure that the derived graphs have nodes that are distinct from
all right hand side graphs.
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Fig. 2. Example derivation using the rule get from Fig. [Tl

As a running example, we use the graph grammar consisting of the two rules in
Fig. Il which retrieve, resp. insert, objects in a circular buffer. The rule put has a so-
called negative application condition (see [13]]), in the form of a morphism n: L — N
from the left hand side of the rule; the satisfaction of such a condition is defined by

m:L—GlEn & Bf:N—-G:fon=m]|dom(n)
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(where dom(n) is the sub-graph of L on which n is defined, and m | H stands for
the restriction of the morphism m to the graph H). The morphisms are indicated by
the numbers in the figure: nodes are mapped to equally labelled nodes in the target
graph (if such a target node exists, elsewhere the morphism is undefined), and edges
are mapped accordingly. An example derivation is shown in Fig. 2l given a match m =
{(1,5),(2,6),(3,7)}. In terms of Def. 2] this gives rise to

V =1{1,2,3,4,5,6,7,8,9}
W = {{1,5},{2,6},{3,7}, {4}, {8}, {9}} .

3 Graph Transition Systems

As related in the introduction above, the core of our approach is explicit state space
generation, where the states are essentially graphs. Rather than completely identifying
states with graphs (like we did in the original [23]]), in this paper we follow by
merely requiring that every state has an associated graph. This leaves room for cases
where there is more information in a state than just the underlying graph.

Definition 4 (graph transition system). A graph transition system (GTS) is a tuple
S =(Q,T,qo) where

- Q is a set of states with, for every q € @), an associated graph Gy € Graph;

- T C QxMorphxQ is a set of transitions, such that src(a) = G and tgt(a) = Gy
forall (q,a,q") € T. As usual, we write ¢ % ¢’ as equivalent to (¢, «,q') € T.

— qo € Q is the initial state.

S'is called symmetric if (¢, o, q') € T implies (¢, 0 ¢,q") € T for all $: G, = G,

We write ¢, o, g; for the source state, morphism and target state of a transition ¢, and
q; etc. for the components of ¢;. Note that the target graphs of the morphisms associated
with the transitions are only required to be isomorphic, rather than identical, to the
graphs associated with their target states. Obviously, this only makes a difference for
graphs having non-trivial symmetries, since otherwise the isomorphisms are unique and
might as well be appended to the transition morphisms. Using the definition given here,
we avoid to distinguish between symmetric cases, and hence it is possible to minimise
with respect to bisimilarity — see below.

An example symmetric GTS is shown in Fig. B The morphisms associated with
the transitions are indicated by node mappings at the arrows; all the morphisms have
empty edge mappings. The two left-to-right transitions are essentially the same, since
their associated morphisms are “isomorphic;” that is, there is an isomorphism between
their target graphs that equalises them —namely, based on node mapping (3,4), (4, 3).
On the other hand, this is not true for the right-to-left transitions: the node mapping
(1,2),(2,1) is not an isomorphism of the left hand side graph. Indeed, by symmetry,
the presence of each of the right-to-left transition implies the presence of the other.

We can now understand a GTS as being generated by a graph grammar G, if the start
state’s associated graph is isomorphic to the start graph of G, and there are transitions
corresponding to all the derivations of G (modulo isomorphism). That is, we call a GTS
S generated by @ if the following conditions hold:
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(13)(24)
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Fig. 3. Example symmetric GTS, removing and re-adding an edge

— Gy, is isomorphic to [;

- For any ¢ € Q and any G-derivation G, === H, S has a transition ¢ % ¢’ such
that o = p,- T m.

- Likewise, for any transition ¢ 2 ¢/, there is a G-derivation G, == H such that
a=p, | m.

For instance, Fig. d shows a GTS generated using the rules in Fig.[Il taking G from
Fig.[2las a start graph.

Grammar-generated GTSs are close to the history-dependent automaton (HDA) of
Montanari and Pistore (see [24]]). There, states have associated sets of names, which are
“published” through labelled transitions, the labels also having names and the transi-
tions carrying triple co-spans of total injective name functions, from the source state,
target state and label to a common set of names associated with the transition.

If we limit our rules to injective morphisms, then the derivation morphisms will be
injective, too. Injective partial morphisms a:G — H are in fact equivalent to

I
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I

|
I
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! |
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Fig.4. GTS generated from the circular buffer rules
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co-spans of monos ay,: G — U, ar: H — U, where U is the “union” of G’ and H while
gluing together the elements mapped onto each other by «. If, furthermore, we require
all matchings to be injective as well (through the application condition ac), any G-
generated GTS gives rise to a HDA, where the names are given by node identities. The
only catch is that, as mentioned before, the actual isomorphism from Zgt(«) to Gy in
a transition ¢ % ¢’ is not part of the GTS, whereas in HDA the name mappings are
precise. On the other hand, this information is abstracted away in HDA with symmetries
(see [24]). We conclude:

Proposition 2. If G is such that all rules in R are injective, and m |= ac only if m is
injective, then every G-generated GTS uniquely gives rise to a HDA with symmetries,
in which the transition labels are tuples of rules and matchings.

In contrast to HDAs, however, GTS transitions are reductions and not reactions. In
other words, they do not reflect communications with the “outside world”. In fact, the
behaviour modelled by a GTS is not primarily captured by the transition labels but by
the structure of the states; as we will see, the logic we use to express GTS properties
can look inside the states. For that reason, although we can indeed define a notion of
bisimilarity —inspired by HDA bisimilarity— which abstracts away to some degree
from the branching structure, the relation needs to be very discriminating on states%

Definition 5 (bisimilarity). Given two GTSs Sy, So, a bisimulation between S; and So
is an isomorphism-indexed relation (ps)y C (Q1 X Q2) U (T1 x Ty) such that

— Forall q1 py qo, the following hold:
® d): Glh = GQQ;
o Forall g1 2% g, there is a go 225 g such that (q1, 01, q1) pe (G2, @2, G5);
o Forall gy @ g}, there is a gy 2 g such that (1, 01,4} ps (g2, 02 0b);
— Forallty py ta: 1 pe q2, 01 = a2 0 ¢, and there is a ¢ such that gy py ¢b;
= qo,1 Py Q0,2 for some ¢.

S1 and Sy are said to be bisimilar, denoted S, ~ Ss, if there exists a bisimulation
between them.

For instance, although the GTS generated by a graph grammar is not unique, it is unique
modulo bisimilarity.

Theorem 1. [f S1 and Sy are both generated by a graph grammar G, then Sy ~ So.

Thus, bisimulation establishes binary relations between the states and transitions of two
GTSs. As usual, this can be used to reduce GTSs, as follows:

— Between any pair of GTSs there exists a largest bisimulation, which can be defined
as the union of all bisimulations (pointwise along the ¢). (The proof that this is
indeed again a bisimulation is straightforward.)

— If S and Sy are the same GTS (call it .S), then the largest bisimulation gives rise
to an equivalence relation p over the states and transitions of S.

3 In this paper, we use bisimilarity only to minimise GTSs, not so much to establish a theory of
equivalence.
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— Given the equivalence p, pick a representative from every equivalence class of states
@/ p. For any ¢ € @, let § denote the representative from [q],.

— Similarly, for every equivalence class of transitions U € T'/p, pick a representative
with as source the (uniquely defined) state ¢; for t € U. For any ¢, let # denote the
selected representative from [¢],,. (Note that this means ¢; is the representative state
selected from [g;],, but ¢; is not necessarily the representative for [g;],.)

— Define S = (Q,T,(j@ where

C?:{fiquQ}
T ={(g;03,4) |t €T} .

Thus, this construction collapses states with isomorphic graphs and transitions with
isomorphic graph changes. For instance, in Fig.[3 only one of the two left-to-right tran-
sitions remains in the reduced transition system. The transition system in Fig.[d cannot
be reduced further (there are no non-trivial isomorphisms); in fact, it has already been
reduced up to symmetry, since (for instance) the precise graph reached after applying
put - get from the initial state is not identical to the start graph; rather, it can be thought
of as isomorphically rotated clockwise by 90°. Indeed, reduction with respect to bisim-
ilarity exactly corresponds to symmetry reduction for model checking (see, e.g., [11]).

It may actually not be clear that S is well-defined, since it relies on the choice of
representatives from the equivalence classes @/p and T'/p. To show well-definedness
we must first define isomorphism of GTSs.

Definition 6 (GTS isomorphism). Tiwo GTSs S1,S2 are isomorphic if there exists a
pair of mappings ¢q: Q1 — (Morph x Q2) and ¢r:Th — T such that

- Forall g1 € Q1, ¢q(q1) = (¥, g2) such that : Gy, = Gy,;
- Forallt, € Ty, if pg(q1) = (¥, q2) and ¢q(qy) = (¥, q5) then ¢r(t1) =
(g2, a2, ¢b) such that ag o = ay;

- ¢0(q1,0) = (¥, q2,0) for some 1.
The following theorem states the crucial properties of the GTS reduction.

Theorem 2. Given any GTS S, the reduced GTS S is well-defined up to isomorphism
and satisfies S ~ S. Furthermore, for any bisimulation (pg)s between S and itself,

a1 Py G2 implies g1 = G for all ¢, G2 € Q.
Proof (sketch).

— It is straightforward to check that any choice of representatives from the p-induced
equivalence classes of states and transitions gives rise to an isomorphic GTS. For
instance, in Fig. [l it is not important which of the two left-to-right transition is
chosen. (This indifference crucially depends on the condition aiy 0 1 =2 1 in the
isomorphism condition for transitions; if we would require a3 0 ¢p = 9’ o a1 then
the uniqueness up to isomorphism would break down.)

— Let (py) 4 be the largest bisimulation over S, used in the construction of S. S ~ S
is then immediate, using as bisimilarity the restriction of (pg )4 on the left hand side
to states of S.
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— It can be proved that §; pg G2 implies that also §; pg G2 in the original GTS S. But
then ¢; and g are both representatives of the same p-equivalence class of states in
S, implying they are the same.

(Note that it is not the case that S has only trivial bisimulations, i.e., such that ¢ py ¢
implies that ¢ is the identity, since in contrast to we are not abstracting graphs up
to symmetry.) The following is immediate.

Corollary 1 (canonical GTS). Given a graph grammar G, there is a smallest GTS
(unique up to isomorphism) generated by G. We call this the canonical GTS of G, and
denote it Sg.

The following property of the canonical GTS is a consequence of the definition of
derivations and the assumption that ac is well-defined up to isomorphism.

Proposition 3 (symmetry of canonical GTSs). For any graph grammar G, the canon-
ical GTS Sg is symmetric.

4 First-Order Temporal Logic

Besides providing a notion of symmetry, the transition morphisms of GTSs also keep
track of the identity of entities. For instance, Fig. @ contains all the information neces-
sary to check that entities are retrieved in the order they are inserted and that no entity
is inserted without eventually being retrieved. All this is established through the node
identities of the val-labelled nodes; no data values need be introduced. Such properties
can be expressed formally as formulae generated in a special temporal logic.

4.1 First-Order Linear Temporal Logic

The usual temporal logics are propositional, meaning that their smallest building blocks
are “atomic” propositions, whose truth is a priori known for every state [l For express-
ing properties that trace the evolution of entities over transitions, however, we need
variables that exist, and remain bound to the same value, outside the temporal modal-
ities. An example of a logic that has this feature is first-order linear temporal logic
(FOLTL), generated by the following grammar:

Su=uz|alz,y) |ttt | P[PV |3x.d | XD |PUWD.
The meaning of the predicates is:

— x expresses that the first-order variable = has a definite value (which is taken from
Node). As we will see, this is not always the case: x may be undefined.

— a(x,y) expresses that there is an a-labelled edge from node z to node y.

— tt (true), =P and @ V ¥ have their standard meaning.

* In practice, such propositions may themselves well be (closed) first-order formulae, evaluated
over each state.
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— X@ and @ U V¥ are the usual linear temporal logic operators: X® expresses that ¢

is true in the next state, whereas @ U ¥ expresses that ¥ is true at some state in the
future, and until that time, @ is true.

In addition, we use the common auxiliary propositional operators A, = etc., as well
as the temporal operators G (for “Globally”) and F (for “in the Future”). Furthermore,
we use Jz : a.® with a € Label as abbreviation for Jz.a(x,x) = &. Some example
formulae which can be interpreted over the circular buffer system of Fig. @ are:

1.

2.

Ve : Cell. fw.val(c, v) is a non-temporal formula expressing that in the current state
there is no val-edge.

Ve : Cell. F FJv.val(c, v) is a temporal formula expressing that all currently existing
cells will eventually be filled (though maybe not all at the same time).

F Ve : Cell.3v.val(c, v) expresses that eventually all cells will be filled (at the same
time).

Jo : Object.X —o expresses that there exists an Object-node that will be gone in
the next state.

Vb : Buffer.(3e, o.first(b, ¢) Aval(c,0)) U (Bc, 0.val(c, 0)) expresses that eventually
the buffer is empty, and until that time, the first cell has a value.

(XJo.val(c, 0)) A(Fo.Xval(c, 0)) expresses that, although in the next state the cell ¢
will have a value, that value does not already exist in the current state. This implies
that that value is freshly created in the next state.

Formulae are interpreted over infinite sequences of graph morphisms, in combination
with a valuation of the free variables. The definition requires some auxiliary concepts
and notation.

— A path is an infinite sequence of consecutive morphisms mj my - - -, i.e., such that

tgt(m;) = src(miyq) forall ¢ > 1. We let o range over paths. For all 1 < i < |o],
o; denotes the 7’th element of o (i.e., m;), and, o’ the tail of o starting at the ¢’th
element (i.e., m; M;+1 - - ).
A run of a GTS S is an infinite sequence of pairs p = (1, ¢1)(t2, ¢2) - - - such that
q1 = qo,and forallz > 1

g = qit1:

e Eithert; € Tort; = (q,idc,,q) where it € T : ¢, = q (so we stutter upon

reaching a final state);

o ¢;:tgt(a) =2 sre(aiqr).
Given a run p, the path o, generated by p is the sequence of morphisms (¢; o
ar)(gzoaz) -
0 is a partial valuation of variables to elements of Node. If f is a graph morphism,
then f o 6 is a new valuation defined by concatenating fy- with 6. We use 0{v/x}
(with v € Node) to denote a derived valuation that maps x to v and all other
variables to their #-images.

Satisfaction of a formula is expressed through a predicate of the form G, 0,0 = ¢,
where G = src(oq). The following set of rules defines this predicate inductively. The
main point to notice is the modification of the valuation 6 in the rule for X¢. Here the
effect of the transformation morphism is brought to bear. For one thing, it is possible
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that a variable becomes undefined, if the node that it was referring to is deleted by the
transformation.

G,0,0 =z iff 6(z) is defined
G,0,0 = a(z,y) iff (0(x),a,0(y)) € Ec
G,0,0 =tt always

G,0,0 =P iff not G, 0,0 = @

G,o,0 ':Qsl V&, iff G,o, 60 ':Qsl orG,o,0 ':QSQ

G,0,0 E3x:d iffG,0,0{v/z} | & for some v € Ng

G,0,0 = X iff sre(o3), 02,0100 - &

G,o.0=d Udyiff3i>0:G,0,0 = XidyandV0 < j <i: G, 0,0 = XId,

We define the validity of a formula on a GTS S as follows:
S |= @ ifforall runs p of S and all valuations §: Gy, 0,,0 =@

For instance, of the example formulae presented above, nrs. [T} 21 Bl and [@ (provided ¢
is mapped to the cell pointed to by first) are valid on the GTS of Fig. @l whereas the
others are not. Property [2] for instance, holds because the morphisms associated with
the transitions are such that after a finite number of transitions, each cell is mapped onto
a cell with an outgoing val-edge. Property B on the other hand, is trivially valid since
the start state is already empty; however, when another state is picked as start state it
becomes invalid, since although it would hold for some paths of that modified GTS,
there are runs that never enter the state where the buffer is empty.

The following is an important property, since it shows that bisimilarity minimisation
does not change the validity of FOLTL properties.

Theorem 3. If S1, Sy are GTSs, then S1 ~ So implies S1 |E @ iff So = @ for all
& ¢ FOLTL.

We can now finally formulate the model checking question:

Model checking problem: Given a graph grammar G and a formula @, does Sg |= @
hold?

In general, this question is certainly undecidable. In cases where Sg is finite, however,
we can use the following (which can be shown for instance by a variation on [29]):

Theorem 4. Given a finite GTS S and a formula ®, the property S |= @ is decidable,
with worst-case time complexity exponential in the number of variables in P.

4.2 Graph-Based Linear Temporal Logic

We now present an alternative logic, which we call GLTL, based only on graphs (rather
than predicates and variables) but equivalent (for simple graphs) to FOLTL as presented
above. The ideas are based on our own work in [28], originally conceived as an exten-
sion to negative application conditions [13]]; the same basic ideas were later worked out
in a slightly different form in [6]. The extension of this principle to temporal logic is
new here.
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Fig. 5. Formulae in GLTL, corresponding to FOLTL nrs. Il d and[3]

The basic idea is to use morphisms as core elements of formulae. Thus, a GLTL for-
mula is generated by the following grammar:

Qu=tt|-2|02VR|IF2|X2|2UQ.

As a convenient notation we use the morphism f on its own as equivalent to 3 f.tt.

A formula of the form 3 f.{2 is evaluated under an existing total matching € of src(f)
to the current graph; the formula is satisfied if 6 can be factored through f, i.e., there
exists an 7) from tgt(f) such that @ = no f.In fact, sre(f) acts as a “type” of 3f.£2, and
the sub-formula (2 is typed by tgt(f), meaning that its evaluation can assume the exis-
tence of 7). This notion of “type” replaces the notion of free variables of a (traditional)
first-order formula. Types can be computed as follows:

type(tt) = (0, 0)
type(—12) = type({?)
type(£21 V £23) = type(§21) U type(§22)
type(3f.02) = sre(f) if type(£2) C tgt(f)
type(X{2) = type({?)
type(£21 U £29) = type(£21) U type(§22) .

Here, the union of two graphs is the (ordinary, not disjoint) union of the node and
edge sets, and the sub-graph relation is likewise defined pointwise. (In fact, the types
£2; of the operands of V and U are regarded as sub-types of the type of the composed
formula.) The side condition in the type definition for 3f.f2 implies that the type can
be undefined, namely if the type of (2 is not a sub-graph of ¢gt(f). We only consider
typable formulae.

For example, Fig. [3] shows some GLTL formulae that are equivalent to FOLTL for-
mulae given earlier.

The semantics of GLTL is a relatively straightforward modification of FOLTL. The
valuation 6 is now a total graph morphism from the type of the formula to the graph. Due
to the type definition, this means that in the evaluation we sometimes have to restrict
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0 to sub-types. The rules that are different from FOLTL are given below; for the other
operators, the semantics is precisely as defined above.

G,0,0 =V (s iff G,0,0 | type((21) = 21 or G, 0,0 | type(£22) = (25
G,0,0 =3f: Q2 iff thereisan: tgt(f) — G suchthatd =no fand G,o,n = 12
G,0,0 =21 U $iff 3i > 0: G, 0,0 | type(22) = X625

andV0 < j <i:G,0,0 | type(21) = XI

There exists a relatively straightforward translation back and forth between FOLTL and
GLTL. We explain the principles here on an intuitive level; see Fig.[3lfor some concrete
examples.

— From FOLTL to GLTL, formulae of the form a(x, y) are translated to morphisms f
with sre(f) = ({z,y},0) and tgt(f) = ({z,y},{(z,a,y)}); formulae x = y to
non-injective morphisms mapping a two-node discrete graph to a one-node discrete
graph while merging the nodes; and formulae 3.9 to 3 f.f2 where f adds a single,
unconnected node to its source.

— From GLTL to FOLTL, 3f.42 is translated to

Elzla cee s Rne /\i a’l<x27y2) A /\]('rj = y]) NP i

where the z, are variables representing the nodes that are new in tgt(f) (i.e., not
used as images by f), the a;(x;,y;) are edges that are new in tgt(f), the x; = y;
equate nodes on which f is non-injective (in both cases, the x; and y; correspond
to some z;), and @ is the translation of {2.

We state the following result without proof.

Theorem 5. There exist translations gltl: FOLTL — GLTL and foltl: GLTL — FOLTL
such that for all GTSs S:

SkEd > Sk gitl(d)
Sk 0 < Sk foltl() .

5 Evaluation and Future Work

In this section we evaluate some issues regarding choices made in the approach, as well
as possible extensions and future challenges. In the course of this we will also touch
upon related work, insofar not already discussed.

Graph formalism. In Sect.[3l we have discussed our choice of graph formalism, in the
light of the existing algebraic theory surrounding DPO rewriting, only little of which
has been successfully transferred to SPO. Let us briefly investigate what has to be done
to lift our approach to a general DPO setting; that is, to a category of graphs that is an
adhesive HLR category, with a set M of monos.

— In Sect. B our graph transitions carry partial morphisms. In a DPO setting, this
should be turned into a span of arrows, of which the left arrow (pointing to the
source graph of the transition) should be in M. The corresponding notions of bisim-
ilarity and isomorphism will become slightly more complicated, but we expect that
the same results will still hold.
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— In Sect.[ it is not clear how to interpret FOLTL in an arbitrary HLR category. On

the other hand, GLTL as defined in Sect.[£.2]can easily be generalised. For this pur-
pose, the construction of the type of a formula (which now relies on subgraphs and
graph union, neither of which can be generalised directly to categorical construc-
tions) should be revised.
A straightforward solution is to provide explicit monos with the binary operators
to generalise the sub-graph relation; i.e., the formulae become (21 V, .. {2, and
21 U, ; £22, where ¢, k is a co-span of monos (in M) such that src(r) = type(§21),
src(k) = type(£22) and tgt(r) = tgt(k) equals the type of the formula as a whole.
Furthermore, the morphism f in 3f.¢2 should be replaced by a span <., where
type(£2) = tgt(f) and tgt(c) is the type of the whole formula.

Existing model checkers. In the last decades, model checking has given rise to a large
number of successful academic and commercial tools, such as SPIN [16], BLAST [4],
JPF [[17], Murphi [3]] or Bogor [32]]. Many of these tools share the aims of the GROOVE
project, viz., verifying actual (object-oriented) code. It is, therefore, justified to ask
what we can hope to add to this field, given the inherent complexities of the graph
transformation approach. In fact, there are two distinct issues involved:

— Graph transformation as a specification paradigm. In our approach, we essentially
propose to use graph transformations as a language to specify the semantics of
programming languages. Existing tools use textual modelling languages for this
purpose, such as Promela for SPIN or BIR for Bogor, or rely on the available com-
pilation to byte code, as in the case of JPF.

We believe graph transformations to be a viable alternative, for the following
reasons:

e Graphs provide a syntax which is very close to, if not coincides with, the intu-
itive understanding of object-oriented data structures (or even heap structures
in general). Thus, graph-based operational semantics is easy to understand (see
also [18])).

e Graphs are also very close to diagram models as used in visual languages, and
so provide an integrated view along the software engineering process.

e As numerous case studies have shown, graph transformation can alternatively
be used as a specification formalism in its own right. Verification techniques
based on this paradigm can therefore also be used outside the context of soft-
ware model checking.

— Graph transition systems as verification models. Even if one accepts the arguments
given above in favour of graph transformation as a specification paradigm, this does
not immediately imply creating a new model checker. Instead, it is perfectly think-
able to encode graph derivations in terms of the input languages of one of the ex-
isting tools, and so avoid re-inventing (or re-implementing) the wheel. Verification
approaches based on this idea are, for instance, [35/12].

We believe that it is nevertheless worthwhile to implement model checking di-
rectly on top of graph transition systems, for the following reasons:
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e Symmetry reduction. In graphs, symmetry is equivalent to isomorphism, and
collapsing the state space modulo isomorphism is an immediate method for
(non-trivial) symmetry reduction (see also [30]). This connection is lost when
graphs are encoded in some other language, since such an encoding invariably
involves breaking symmetries.

e Unboundedness. Many of the existing model checkers rely on fixed-size bit
vectors to represent states. Graphs, however, are not a priori bounded. In order
to perform the encoding, it is therefore necessary to choose an upper bound for
the state size, and to increase this if it turns out to have been set too low —
which involves repeating the encoding step.

e Encoding. The complexity of finding acceptable matchings for rules does not
suddenly disappear when the problem is encoded in another language. In-
stead, the encoding itself typically involves predicting or checking all possible
matches; so the complexity of the graph transformation paradigm is (partially)
shifted from the actual model checking to the encoding process.

Alternative approaches. The explicit state model checking approach presented here is
probably the most straightforward way to define and implement verification for graph
grammars. A promising alternative is the Petri graph method proposed by Konig et al.;
see, e.g., [BIIIT19]. This approach uses unfolding techniques developed originally for
Petri nets, and offers good abstractions (identified below as one of the more important
future work items in our approach); thus, the aproach can yield answers for arbitrary
graph grammars. On the other hand, the logic supported is more limited, and it is not
clear if symmetry reduction is possible.

Future work. Finally, we identify the following major challenges to be addressed before
explicit-state model checking for graph grammars can really take off.

— PFartial order reduction. This refers to a technique for only generating part of the
state space, on which nevertheless a given fragment of the logic (typically, X-free
LTL) can still be checked. Traditional techniques for partial order reduction do not
apply directly to the setting of graph grammars, since the number of entities is not
a priori known. (Note that the unfolding approach of is in fact also a partial
order reduction.)

— Abstraction. Instead of taking concrete graphs, which can grow unboundedly large,
one may define graph abstractions, which collapse and combine parts of the graphs
that are sufficiently similar. Inspired by shape analysis [34]], we have investigated
possible abstractions in [26l31]]. This is still ongoing research; no implementation
is yet available.

— Compositionality. In Sect.[Blwe have pointed out the analogy of GTSs with History-
Dependent automata, a long-established model for communicating systems, shar-
ing some of the dynamic nature of graphs. This analogy can be turned around to
inspire a notion of communication between graph transition systems where (parts
of) graphs are echanged, leading to a theory of compositionality for graph gram-
mars. The only work we know of in this direction is Kénig and Ehrig’s borrowed
context [9]], and the synchronised hyperedge replacement by Hirsch, Montanari and

others [13]].
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Abstract. Linear-ordered graph grammars (LOGGs) are a special kind
of graph grammars that were inspired by the general definitions of graph
grammars and by tile systems. In this paper we show that this kind of
grammar is particularly suited for the specification of distributed sys-
tems. Moreover, we discuss a simple extension of LOGGs inspired by the
representation using tiles, leading to a notion of open graphs that can
be very useful in a wider range of applications.

1 Introduction

Distributed systems may be spread over several computational nodes and cross
different communication links, may have mobile components, and engage in com-
munication with a priori unknown other components. In this scenario, it becomes
even more important to be able to specify the systems behavior without ambi-
guity as well as to assure functional and non-functional properties of the system
as early as possible during system construction. Abstractions that capture the
appropriate aspects of the system under construction are thus highly desirable.

Graph grammars [Roz97] is a formalism that has been used to model many
features of computational systems. Systems that involve concurrency and distri-
bution can take advandage from the modeling of states as graphs, and of state
changes as rule applications (that can be performed in parallel in many parts of
the graph representing the state). A large part of the theory developed in the
algebraic approach to graph grammars [Ehr79] explains the behavior of concur-
rent systems (see [EKMR99] for an overview of main results). However, most
of this theory was developed for restricted kinds of graph grammars. One of
the most used restrictions is that rules are not allowed to glue nodes (or arcs).
Although in many applications this restriction might be adequate, in some of
them this poses a severe restriction on the specification language. For instance,
whenever we want to express the fact that two servers, known by many client
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processes, will be joined, such a glue operation would be needed to allows a
natural representation.

Linear-ordered graph grammars were proposed in [MR02], and the definition
raised as a collaboration between the University of Pisa and the Federal Univer-
sity of Rio Grande do Sul. The topic was mainly developed during the visits of
Ugo Montanari to Brazil within the scope of the cooperation project IQ-Mobile.
We were searching for a way to describe graph grammars (in particular, alge-
braic graph grammars), and their concurrent behavior as tile rewriting systems
[GMOQ, [GM02, [FM0Q]. One of the goals we had in mind was that the resulting
formalism would be suited for the description of mobile and distributed sys-
tems. The intuitive idea was to model persistent components of a system (like
objects, communication channels or places) as graph nodes, and resources that
are generated/consumed as arcs. Persistent items may not be deleted in com-
putations, but may be glued (if this is interesting from the application point of
view). Resources may not be glued, and the approach is resource conscious (the
number of resources necessary to perform a computation is important and may
not be abstracted). In [MR02], LOGGs were introduced, but there was no more
pratical example to illustrate their features. Here we recall these definitions and
illustrate them using an example of fault recovery of distributed systems.

The description of graphs introduced in [MR02] gave a hint on other classes
of graphs that could be used to describe distributed systems. Although LOGGs
were developed only for usual graphs, a more general class of graphs called open
graphs was defined. Here we explore this definition, discussing the advantages of
this concept for specification, and also the modifications that would be necessary
in the theory to suitably describe computations using open graphs. One of the
most interesting features of this approach is the possibility to model the interplay
between the horizontal composition of graphs (viewed as tiles) and the vertical
composition (used to model derivations).

The structure of this paper is as follows: Section 2 describes Linear-Ordered
Graph Grammars; Section 3 presents an example application of a distributed
system using LOGGs; Section 4 describes LOGGs as Tile Systems; Section 5
presents an extension of LOGGs using Open Graphs and Section 6 concludes
the paper.

2 Linear-Ordered Graph Grammars

In this section we recall the basic concepts of graph rewriting in the single
pushout (SPO) approach [Low93, [EHKT 97 for a special kind of graph and rules.
This kind of grammars, called linear-ordered graph grammars, short LOGGs,
were introduced in [MRO2] to enable a natural description of some features
of distributed systems that were difficult to describe using other approaches.
Section [3 illustrates the definitions of this section with an application. Instead
of the standard definitions of partial morphisms based on total morphisms from
subgraphs, we will explicitly use partial functions and a weak commutativity
requirement. In [Kor95] it was shown that the two definitions are equivalent.
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Definition 1 (Weak Commutativity). For a (partial) function f : A —
B with domain dom(f), let f? : A «— dom(f) and f!: dom(f) — B denote
the corresponding domain inclusion and the domain restriction. Given functions
a:A— A, b:B— B and f' : A — B’, where a and b are total, we write
floa > bo f and say that the diagram commutes weakly iff f'oao f? = bo f!.

If f and f’ are total, weak commutativity coincides with commutativity. The
commutativity condition introduced above means that the partial functions bo f
and f’ o a must agree on all the elements of A on which f is defined. The
term “weak” is used because on elements of A on which f is undefined, the two
functions can behave differently, i.e., f' o a can be defined.

In this paper we use undirected hypergraphs, and therefore we will only define
a source function connecting each arc with the list of nodes it is connected to.
We use the notation S* to denote the set of all (finite) lists of elements of S.

Definition 2 ((Hyper)Graph, (Hyper)Graph Morphism). A (hyper)
graph G = (Ng, Ag, source®) consists of a set of nodes Ng, a set of arcs Ag
and a total function source® : Ag — N§, assigning to each arc a list of nodes.
A (partial) graph morphism g : G — H from a graph G to a graph H
18 a pair of partial functions gn : Ng — Ny and ga : Ag — Apg which are
weakly homomorphic, i.e., gy o source® > source™ o g4 (g5 is the extension of
gn to lists of nodes). A morphism is called total if both components are total.
The category of hypergraphs and partial hypergraph morphisms is denoted by
HGraphP (identities and composition are defined componentwise).

To distinguish different kinds of nodes and arcs, we will use a notion of typed
hypergraphs, analogous to typed graphs [CMRIG].

Definition 3 (Typed Hypergraphs). A typed hypergraph is a tuple HGTE =
(HG, type¢ TG) where HG and TG are hypergraphs, called instance and type
graph, respectively, and type?¢ : HG — TG is a total hypergraph morphism,
called typing morphism.

A morphism between typed hypergraphs HG1T¢ and HG2TC is a partial graph
morphism f : HG1 — HG2 such that typel 7G> type2HCG2 o f. The category
of all hypergraphs typed over a type graph TG, denoted by THGraphP(TG),
consists of all hypergraphs over TG as objects and all morphisms between typed
hypergraphs (identities and composition are the identities and composition of
partial functions).

For the well-definedness of the categories above and the proof that these cate-
gories have pushouts we refer to [Kor95] (these categories can be constructed as
generalized graph structures categories). The construction of pushouts in such
categories is done componentwise, followed by a free construction to make the

! Note that, due to the use of partial morphisms, this is not just a comma category
construction: the morphism type is total whereas morphisms among graphs are par-
tial, and we need weak commutativity instead of commutativity. In [Kor95] a way
to construct such categories was defined.
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source and type components total (actually, as types are never changed by mor-
phisms, this free construction is not needed in the case of typed graphs). In the
rest of the paper, we will usually denote typed hypergraphs just by graphs.

Now we recall the definition of linear-ordered graph grammar as defined in
[MROZ2]: the nodes and arcs of each graph are ordered, the rules do not delete
nodes and do not collapse arcs, and the matches do not collapse arcs. With this
kind of restriction, the derivation steps can be obtained componentwise as a
pushout of nodes and pushout of arcs (because no node is deleted).

Definition 4 (Linear Ordered Graph Grammars (LOGGs)). A linear
ordered graph over a type graph TG = ({s}, Arg,source’®) is a graph
HTTY = (HG,type"® TG) with HG = (N, Ang,source’®) where N =
{0,...,n}, withn € N, and Apc = Usea,o Alig, with Aye = {ai | i €
{0,...,m—1}}, where m is the cardinality of {ha € Apc | type%(ha) = a}. A
morphism between linear ordered graphs is simply a typed graph morphism: no
additional requirements are imposed.

A linear ordered graph grammar is a grammar GG = (TG, IG, Rules)
where TG is a type graph having a single node, IG is a graph typed over TG
called the start graph, Rules is a set of typed graph morphisms and for each
rule r = (ry,ra) : L — R of Rules, ra is injective and ry is total. A linear
ordered match m = (my,ma) : L — G is a total typed graph morphism where
the ma component is injective.

The semantics of a linear ordered graph grammar is defined as for a usual graph
grammars, taking into account that only linear ordered matches are allowed,
that is, a match is resource conscious on arcs, but may identify nodes.

Definition 5 (Derivation Step, Sequential Semantics of a LO-Graph
Grammar). Given a linear-ordered graph grammar GG = (TG, IG, Rules), a
rule r : L — R € Rules, and a graph G1 typed over TG, and a linear ordered
match m : L — G1, a derivation step G1 2= G2 using rule r and match m
is a pushout in the category THGraphP(TG).

L " =R A derivation sequence of GG is a sequence of derivation steps
- Gi 22 Gy, i € {0,...,n}, n € N, where Gy = IG, r; €
Rules. The sequential semantics of GG is the set of all

-2 sequential derivations of GG.

3 Example: Distributed Systems in Presence of Faults

Distributed systems may be spread over several computational nodes connected
through wide area networks, where reliability and availability levels may vary.
Therefore, while modeling distributed systems one important aspect to take into
consideration is the possibility of fault occurrences. In [DRS04], [DMS05] Graph
Transformation Systems where employed to model and analyze distributed sys-
tems in presence of some kinds of faults.
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There are several kinds of faults in distributed systems. Here we concentrate
on “crash” faults, which are very often considered while developing distributed
systems. According to the crash fault, a process fails by halting and the processes
that communicate with the halted process are not warned about the fault. If a
process that offers a service crashes, it has to be replaced by another process
and the service continued. This may be performed in several ways, depending
on the kind of system. Very often, a server process has one or more backup
processes which are kept synchronized and in case the server crashes, the primary
backup process assumes the service. In this situation, the other processes have to
update references to the new server. With the appropriate usage of an underlying
communication platform, the communication is kept consistent from the point
of view of the user processes, even if the server is replaced.

Fig. 1. Fault/Recovery System

This abstraction is well captured using linear-ordered graph grammars. The
corresponding grammar is shown in Figure [[l Arcs are drawn as squares and
nodes as bullets. The tentacles of the arcs describe the source function and are
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numbered to indicate their order. Indices on nodes and arcs here just indicate
different instances of items with same types (when there is only one instance,
we may omit the index 1). Nodes and arcs with same indices in left- and rigth-
hand sides of rules denote preserved items, unless explicitly stated otherwise by
connecting left- and right-hand side items by a dashed arrow. The type graph has
one kind of node (to represent communication channels), and many kinds of arcs:
S and C arcs mark which nodes represent server and client processes, respectively;
A and F arcs represent that servers are active or crashed, respectively; K arcs are
used to model that a process knows a server; Req and Resp arcs describe requests
and responses; BackUp arcs relate servers that are synchronized (one is backup
of the other) and GenBackup arcs are used to warn that a new backup server
shall be created (because one server has crashed). A client process C may use
the service of an active (A) server S through requests Req (rule Request). In
normal operation, the service answers the requisitions back to the process via
Resp (rule Response). However, a server process may crash (or fail), switching
to F mode (rule Crash). As discussed above, the detection of a failed server will
fire the server replacement behavior which, in this case, means that a back-up
server will be activated and resume the operation assuming the same state as
the crashed server before the fault arises. This is represented by collapsing the
communication channels of the involved servers in rule Recover. In addition, this
rule generated a warning in the system to inform that a new backup server is
needed. The new back-up server process is created in rule BackUp. Note that
collapsing nodes in this case provides a very useful abstraction for several aspects:
(i) the state of the service is not lost; (ii) references (from user processes) are
updated consistently; (iii) ongoing messages in communication channels are not
lost. This effect is very difficult to achieve (if not impossible at all) in approaches
that do not allow non injective rules.

An example of rule application is shown in Figure 2], in which a crashed server
known by two processes is replaced by its backup. All requests were moved to
the new server, and it is transparent for the client processes that this change of
servers has taken place (as required by an adequate recovery procedure).

4 Tile Semantics of LOGG

Here we will reproduce the main ideas presented in [MR02], showing that the
semantics of LOGGs can be suitably described by tile systems. First, we review
the main concepts of tile systems and theories that are relevant to model graph
grammars (sect. 1)) and then discuss how LOGGs and their semantics can be
defined in terms of tile systems (sect. [2)).

4.1 Tile Systems for Graph Grammars

A tile can be seen as a square consisting of four arrows: the horizontal ones de-
scribe states, and the vertical ones observations [GM02] [FM0Q]. Tile systems ex-
hibit an algebraic flavor (tiles have a straightforward axiomatization as monoidal
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Fig. 2. Derivation using rule Recover at match m

double categories) which may allow for universal constructions, compositional-
ity and refinement in the classical style of algebraic semantics [MMO98]. The first
step to model graph grammars as tile system is to describe how to model graphs
and graph morphisms as tiles. Actually, graphs will be modeled as arrows of a
suitable theory and graph morphisms as tiles.

Definition 6 (One-sorted (hyper-)signatures). A hyper-signature ¥ =
(S, OP) consists of a singleton S = {s} and a family OP = {OP"™},cn of sets of
operators with n arguments and no result (no target sort), where n is a natural
number. Given an operation op € OP™, n is the arity of op, and the domain of
op is denoted by s™.

Now we define an extension of a signature X that will add as sorts all operation
names in Y and as target of each operation the corresponding sort.

Definition 7 (Extended (hyper-)signatures). Given a signature X = (S,
OP), its extension is a signature ¥ = (Sg, OPg), where Sg = {s}U{op | op :
s" —0€ OP",n €N} and OPg = {op® : s" — op|op:s" — 0€ OP,n € N}.

An extended version of the gs-monoidal theory defined in [CG99) is used to model
(linear-ordered hyper) graphs, and a theory called pgm was defined in [MR02]
to model partial graph morphisms. We now review the necessary concepts to
define these theories.

Definition 8 (Connection diagrams). A connection diagram G is a 4-tuple
(Oc, Ag,b0,01): Oc, Ag are sets whose elements are called respectively objects
and arrows, and 6y, 01 : Ag — Og are functions, called respectively source and
target. A connection diagram G is reflexive if there exists an identity function
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id_ : Og — Ag such that 6o(id,) = 61(idy) = a for all a € Og; it is with
pairing if its class Og of objects forms a monoid; it is monoidal if it is reflexive
with pairing and also its class of arrows forms a monoid, such that id, 69 and
b1 respect the neutral element and the monoidal operation.

In the following we will use the free commutative monoid construction over a
set S, denoted by (S®,®,0). The elements of S® can be seen as finite multisets
of elements of S, and will be referred to using underlined variables. If S is a
singleton set, we will denote elements of S® by underlined natural numbers
(indicating the number of times the only element of S appears in the list, for
example s ® s ® s will be denoted by 3).

Gs-moniodal theories define a set of arrows that can be used to characterize
(linear-ordered) graphs. The following inductive definition describes the basic
arrows and composition operators, together with a set of axioms that arrows have
to satisfy. Given a (hyper)signature X' = (S, OP), basic arrows are created by the
axioms identities (identities on nodes/arcs are gs-monoidal arrows), generators
(for each hyperarc op : S™ — 0 of the signature, an arrow with exaclty n nodes
as source and op as target is in the theory), duplicators (arrows that duplicate
the number of nodes are allowed), permutations (arrows may change the order of
nodes/arcs), and dischargers (arrows may delete nodes). To build further arrows,
composition operators are defined by the inference rules sum (the parallel -
monoidal - composition of arrows is an arrow), and composition (arrows may
be sequentially composed to generate new arrows). Graphs will be modeled by
special gs-monoidal arrows.

Definition 9 (gs-monoidal theories). Given a (hyper)signature X = (S, OP)
and its extension X¥ = (Sg, OPg), the associated gs-monoidal theory GS(X)
18 the monoidal connection diagram with objects the elements of the free com-
mutative monoid over Sg ((Sg)®,®,0) and arrows generated by the following
inference rules: generators, sum, identities, composition, duplicators, discharg-
ers and permutations in Table [

Table 1. Inference Rules for gs-monoidal Theories

. o S S% feXn
(identities) idy i — 2 € GS() (generators) Fin— feGS(D)
‘ n e S® . n e S®
(duplicators) V. :n—noncGS(Y) (dischargers) lin — 0 € GS(Y)
z,y € SY
(permutations) v
Pry xRy —yRx e GS(XY)
stx—yt:a —y " sir—ytiy =2
(sum) (composition)

s@t:z@x —-yy € GS(Y) s;trx— z € GS(Y)
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The composition operator ; is associative, and the monoid of arrows satisfies
(i) the functoriality axiom: for all arrows s, s't,t' € GS(X)
(s@t);(sat)=(s;s) @ (t;t) (whenever both sides are defined)
(ii) the identity axiom: for all s :x —y
idy; s = 5 = S;idy
(iii) the monoidality azioms: for all n,m € S® and x,y,z € S5
Pecy,z = (1de®@py 2); (pe,-®idy) o= Vo =poo=ridy poux= pzo =idy
tdpgy = idy Qidy ooy =l2®ly  Viem = (Vo @ Vi) (idn ® prm Q@ idpy,)
(iv) the coherence axioms: for alln € S® and x,y € Sy
Vi (id, @ V) = Vi (V, ®idy,) Voipnn = Vi
Vi (idn,®!y,) = idy, Py Pry = idy @ idy,
(v) and the naturality aziom: for all s : x — y,t: 2 — w
(s ®1); pyw = pa,z; (L ® 5)

Arrows of gs-monoidal theories that are constructed without the generators aziom
are called basic gs-monoidal arrows. The theory obtained only with basic
arrows is denoted by bGS(X).

For example, consider graph L of Figure[2l Assuming that the sort of nodes is s,
this graph can be modeled as the following gs-monoidal arrow: (V1 ® Vs); (F ®
Vi@ Va® A); (idp ® S ® Backup® S ®ida): s®s — F®S® Backup® S ® A.
Graphically, this arrow is represented in Figure Bl (1 and 2 are the first and
second occurrences of sort s in s ® s).

Notation: In the pictures, the operator ® and the underlines in the domain and
codomain of the arrows will be omitted. Moreover, we will draw indexed bullets
(e) in the graphical representation to describe the instances of sorts.

Fig. 3. Arrow of a gs-monoidal theory

The theory defined below is used to model a special kind of graph morphism:
morphisms that are total on nodes (and may identify nodes), and are partial on
arcs (and may not identify arcs). Identification of nodes is achieved by the V
operator, as in gs-monoidal theories. The possibility of deleting arcs is achieved

by the | operator, yielding partial functions (only for arcs).
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Definition 10 (pgm-monoidal theories). Given a (hyper)signature X = (.S,
OP) and its extension X¥ = (Sg,OPg), the associated pgm-monoidal the-
ory PGM(X) is the monoidal connection diagram with objects the elements of
the free commutative monoid over Sg ((Sg)%®,®,0) and arrows generated by the
following inference rules: sum, identities, composition and permutations (anal-
ogous to the rules in Def.[d), and the rules in Table[D

Table 2. Additional Inference Rules for pgm-monoidal Theories

_ ®
(new) . S (SE S)
l,:0—2cPGM(X)

nes® r €Sy

(duplicators) Vo in—n®nePGM(Y) (dischargers) Lz —0€PGM(Y)

The composition operator ; is associative and the monoid of arrows satisfies the
functoriality, identity, coherence and naturality azioms (Def.[9); as well as the
monoidality azioms (all of Def.[Apluslo = Vo = poo =idy and 1,0y = 1, ® 1,
forall z, y, z € S5).

The theory obtained using the same objects and arrows generated by the rules
above, except the composition is called short pgm-graph theory, denoted by
sPGM(X'). The theory obtained using all rules except new and with discharger
only for x € S® is called basic pgm-graph theory, denoted by bPGM(X).

Note that in pgm-monoidal theories the generators axiom was not used. This
has the effect that arrows of these theories do not correspond to graphs as
gs-monoidal theories (because arcs are not allowed), they rather describe rela-
tionships between the objects (that are lists of nodes and arc labels). Moreover,
an arrow of bPGM(Y) is also an arrow of bGS(XY).

The following definition relies on the fact that basic gs-monoidal arrows of
one sorted signatures correspond to total functions in the inverse direction, that
is, each gs-monoidal arrow n — m corresponds to a total function m — n (see
[CGA9] for the proof). As basic pgm-monoidal arrows are also basic gs-monoidal
arrows, they also correspond to total functions. This will be used to construct
pullback squares of such arrows based on pushouts of functions. These pushouts
will model the node-component morphisms of rule applications.

Definition 11 (Derivation Pair). Given one-sorted signatures Xp and X,
and arrows s : m — m € bGS(X}) and t : ¢ — m € bPGM(XY,). The deriva-
tion pair of s and t, denoted by deriPair(s,t), is a pair of a basic gs-monoidal
and a basic pgm-monoidal arrows (s' : p — q,t' : p — n) such that the inverse
square is a pushout in the category of sets and total functions.

Now we define a tile rewrite system that can be used to model graph rewriting.
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Definition 12 (Tile sequent, Tile rewrite system). Let X}, and X, be two
(one sorted) signatures, called the horizontal and the vertical signature respec-
tively. A Xp,-X, tile sequent is a quadruple [ % r, wherel:x — yandr:p—q
are arrows of GS(X,) while a : x — p and b: y — q are arrows of PGM(X,).
Arrows 1, v, a and b are called respectively initial configuration, final configu-
ration, trigger and effect of the tile. Trigger and effect are called observations.
Underlined strings x, y, p and q are called respectively initial input interface,
initial output interface, final input interface and final output interface.

A short tile sequent is a tile [ % r where observations a and b are arrows of

the short pgm-graph theory sSPGM(X,) (i.e. no sequential composition is allowed
to build them).

A tile rewrite system (TRS) R is a triple (X}, Xy, R), where R is a set of
Xy~ short tile sequents called rewrite rules.

A TRS R can be considered as a logical theory, and new sequents can be derived
from it via certain inference rules.

Definition 13 (pgm-monoidal tile logic). Let R = (X, X, R) be a TRS.
Then we say that R entails the class R of the tile sequents s % t obtained by

finitely many applications of the inference rules depicted in Table [3.

Table 3. pgm-monoidal Tile Logic

S%teR s:x—y€GS(Xy) a:x—yecPGM(X,)
(generators) (h-refl) _ (v-refl) " ;
sSteR ido— s eR ido = id, < id, € R
idy @

!

a a

a:s?t,a':s’—;t’ER
b

(p-comp) o
aRa =s®s —tt € R
bRb!

/
a a
a=sSta =5 St'eR a:s?u,a/:u—/>t€R
c b b
. (v-comp) .,
axa =s;8 =ttt e R a-o=s“SteR
b
b;b’

)

(h-comp)

a:x—yb:r —y e PGM(Y,)
(perm) b
Pa,b = P,z b@T)a Pyy €ER

s:n—méebGS(X),a:q—mebPGM(Y,) |,

(PBnodes) , (s',a") = deriPair(s,a)
sL s cR

4.2 Interpretation of LOGGs as Tile Rewriting Systems

The idea introduced in [MR02] of representing graphs and rules as tiles is the
following:
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Graphs: Graphs will be modeled as the horizontal components of the tiles. Let
TG = ({s}, A, sourceT%) be a type graph. Based on this graph we can build
a signature X, = ({s}, Ax), where Ay contains all arcs of A as operations
(the information about the arity is given by the source”@ function). A graph
will be then an arrow & — y of the corresponding gs-monoidal theory, where
x,y € ({s} W A)®. This means that the mapping from z to y is constructed
by using, besides the arcs of the graph, the operations of identity and per-
mutation for all sorts and, for elements of sort s (nodes), duplication and
discharging may also be used allowing, respectively, the same node to be
source of more than one hyperarcs, and that there are nodes that are not
source of any hyperarc. For the hyperarcs of the graph we include a target
function that assigns to each arc an occurrence of its type (indexed by a
natural number). Usual (closed) graphs correspond to the special case of
G : x — y when we have z € {s}® and y € A®. Other graphs are called open
graphs, and will be used as auxiliary components to allow the modeling of
the direct derivations.

Rules: A rule r : L — R is a (partial) graph morphism r = (%, r4). Such
a rule can be represented as a tile having as horizontal arrows the graphs
L and R, and as vertical arrows mappings that allow to glue nodes, delete
arcs, preserve and create arcs and nodes. These vertical arrows are arrows
of the pgm-monoidal theory for the signature X, = X}. Rule Recover of
Figure [ corresponds to the tile of Figure @] (vertical mapping is shown as

dashed arrows, creation - new - is denoted by the I, and deletion - bang
- is denoted by !). Note that at the west side of the tile Recover we have
modeled the component Recover™ of the rule, whereas in the east side we

model the component Recover?.

1

1

Fig. 4. Modeling a rule as a tile

Definition 14 (Signature of a Type Graph). Given a type graph TG =
(N, A, source™@), the corresponding hypergraph signature is Src = (N, Arg),
where Arg = {a : source’%(a) — Ola € A}.
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In [MR02] it was shown that the graphs typed over TG = (N, A, sourceT)
with IV being a singleton are the arrows of kind n — a of a gs-monoidal theory
with signature X1, wheren € N® and a € (NF—N)®, with XE, = (NP, AF).
Morevover, graph morphisms typed over T'G are tiles having as horizontal and
vertical signature X7 where the north and south sides are the arrows corre-
sponding to graphs (the left- and right-hand sides of the rule, respectively), and
the vertical arrows are arrows of PGM(X7¢). A direct derivation of a grammar
GG can be modeled by a suitable composition of tiles of the pgm-monoidal tile
logic R obtained by the TRS (X}, X, R), where X}, = ¥, = Y (as discussed
above), and R is the set of tiles representing the rules of GG. A derivation
G 22 H using rule r : L — R at match m : L — G can be obtained as a
composition of tiles that will give raise to a tile ' : G — H. This can be done
in 4 steps (see [MR02] for detailed explanations):

1. Context Graph: Construct the (context) graph G’, that contains all nodes
of G and all arcs that are in G and are not in the image of the match m
(that is, G’ is G after removing the deleted and preserved arcs).

2. Tile 1: Construct the tile r ® idg, that is the parallel composition of the
tile corresponding to rule r and the identity tile of graph G’.

3. Tile 2: Construct the tile corresponding to the match and derivation on
the node component: the north side of this tile corresponds to m”~ (the
component of the match morphism that maps nodes), the east side is the
west side of the tile obtained in step 2, and the remaining sides will be
mappings of nodes such that the resulting square commutes and has no
nodes that are not in the north or east sides already.

4. Resulting Tile: The result of the application of rule r at match m is then
given by the sequential composition of the tiles obtained in the last 2 steps:
Tile 1 % Tile 2 (obtained by the application of rule h-comp of R).

5 Open Graphs

Although open graphs were defined in [MRO2], they were just used to build
auxiliary tiles to enable the description of the derivation as tile rewrite systems.
Since LOGGs were defined only for closed graphs (the initial graph and all rules
were only allowed to have this kind of graphs), it was not possible to use the
feature of horizontal composition of tiles to model composition of parts of a
system, we could only use the vertical dimension to model the evolution of the
system via the application of rules. In the sequel we will define a special kind of
open graph (in which only nodes may be shared), and show that small changes in
the definitions of Sect.d provide a much more interesting specification formalism.

Definition 15. A (node-)open graph typed over TG = (N, A, source™), with
N being a singleton, is a tuple OGT = (G,ON), where G = (OG, type®%, TG)
is a typed graph and ON is a subset of nodes of OG, called the open nodes.

According to this definition, an open graph is just a typed graph with a distin-
guished set of nodes that are called open, meaning that these are the points to
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which other graphs may be attached when composing this graph with another
one. Graphs with no open nodes will be called closed graphs (this is the case of
all graphs defined in the previous sections).

In terms of gs-monoidal theories, open graph can be characterized as arrows
of the kind n — na, where n is a multiset of nodes (like in closed graphs) and na
may contain nodes and arcs (in closed graphs, this component consisted only of
arcs). The nodes that appear in na are the open nodes. An additional require-
ment is necessary to assure compatibility with Def. due to the duplication
operation, it could be possible to have a gs-monoidal arrow with, for example,
two nodes in na corresponding to the same node in n — but such an arrow should
not correspond to an open graph.

Characterization 16. An arrow n — na of a gs-monoidal theory with signa-
ture Yrq, with XE, = (NP, AP), represents an (node-)open graph if n € N®,
na € (N¥)®, and each node of n is connected to at most one node node of na.

In the rest of this paper, we refer to open graphs instead of node-open graphs.
More general forms of graphs (in which n € (N¥)®) will be called general graphs.

5.1 LOGGs Using Open Graphs

We can rephrase the definition of LOGGs now by using open graphs instead of
graphs, and the morphisms will be tiles having open graphs as horizontal arrows
and arrows of PGM(Xr¢) as vertical arrows. As an example, we will consider
the specification of client/server systems. While working with distributed sys-
tems it is highly desirable to be able to compose systems from separate modules
via well defined interfaces, as well as to specify open systems. Openess is used
in this context in the sense that parts of the system are open to engage in col-
laboration with previously unknown other modules. The collaboration may take
place through the exchange of well defined messages using appropriate channels.

Therefore, while specifying one part of the system it is important to have
suitable means to make explicit which of its parts are open for collaboration. On
the other hand, it is also important to state clearly what is assumed from other
modules that may engage in communication during the life-time of the system.
Using LOGGs, we can identify approapriate abstractions for such cases.

The example depicted in Figure Blshows a generic situation where a server S is
open to communicate with clients C. Although it would be possible to represent
graphs and rules as arrows/tiles, we will stick to the usual graphical representa-
tion, marking open nodes (nodes that are present in the left- and right-hand sides
of gs-monoidal arrows) with a circle. The type graph was not depicted, since it
is straightforward (has one node and all types of arcs that appear in the speci-
fication). Client and server communicate via a communication channel. A client
may send a request Req to the server. The server, in order to accomplish the re-
quest, may have to allocate internal resources R. This situationis quite common
in distributed systems: for instance, TCP connections are opened depending on
available memory needed to store incomming data through the connection; or
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Fig. 5. Client/Server System

even the service for a specific client may need a new thread. The resource is then
assigned to the client (L) and the request is positively responded with Ack. If no
resources are avaliable, the server may deny the service through Nack.

The client may eventualy cease service usage (Exit), leading the resource to
be freed (F). Note that when a client and a server engage in a communication,
the client and server share a private communication channel (a closed node).
In order to allow the possibility of new clients to communicate with the server,
an open communication channel node has to be created, thus the rule for open
channel creation is needed (rule NewClient). This situation is analogous to the
use of the replication operator in process algebra, and is extremely useful in
the design of open systems, since a server does not know a priori how many other
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clients may be using it, and the fact that we may have open nodes provides the
necessary abstraction to describe such a situation: the semantics will consider
all possible compositions of a server with any number of clients.

To be able to define the desired behavior as a tile systems, we need additional
tiles: after performing the 4 steps described in section @l we must compose the
resulting tile T3 with an additional tile to glue the open nodes according to
the way defined in the rule/match. This additional tile can be obtained as the
parallel composition of a tile that is the horizontal identity of the arcs involved
in the west arrow of T3 and a tile that has as east side the node component
of the west arrow of T'3, and whose north arrow describe the gluing of open
nodes specified by the derivation. This tile corresponds to a pushout of total
functions, and to obtain this effect, we must take the north and south arrows
from a theory that allows to glue nodes (for example, a coGS(Xr¢) [BM02]).
Like the rule PBnodes of Table B a corresponding rule should be included in
the pgm-monoidal theory to generate the needed tiles. Moreover, the semantics
should take into account the composition of a server with any number of clients,
since the behavior of a server without clients would be empty. This will be
discussed in the following section.

5.2 Composition of Open Graphs

An important feature of this new model is the possibility to merge partial states
of a system via interface items (open nodes). But, since we still do not allow arcs
in the interface, a more involved construction is needed to build the composition.
Given two open graphs G1 : n — me and G2 : n’ — m’e’, we need to make the
target of G1 equal to the source of G2 to enable the composition (we assume that
G2 does not necessarily have the same number of nodes as open nodes in G1,
since in practical application this would be a strong requirement ). The idea is
to define that the first m nodes of G2 will be glued to corresponding open nodes
of G1, and the rest of the nodes will remain in the resulting graph. To obtain
this effect, we need to to build the following arrow (Gl ® idyg2); (G2 ® idaci) :
n' = m”e”, where idygo is the identity arrow on the nodes of G2 that will not
be matched to open nodes of G1, id a1 is the identity arrow on arcs of G1. This
way, n’’ contains all nodes of G1 and all nodes of G2 that were not merged with
nodes of G1, m” contains all open nodes of G2 and ¢” contains all arcs of G1
and G2. This construction is illustrated in Figure [l Note that this composition
is not commutative: we compose the open nodes of the first graph with nodes of
the second (and the latter may be open or closed nodes).

To enable that composition takes place during the evolution of the system via
rules, we need to enrich further the tile system with (i) tiles in which the north
and south arrows consist only of nodes and are identity arrows, and the east
and west arrows denote the same total function; (ii) tiles in which the north and
south arrows consist only of arcs and are identities and east and west arrows
describe the same partial injective function. Note that the whole functionality
of the system only takes place when the interplay between horizontal and vertical
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Fig. 6. (a) Graph G1 (b) Graph G2 (c¢) Construction of Composition (d) Result

composition is allowed: in the example, the system starts with an open commu-
nication channel, and in this situation, no rules may be applied; when a client
composes with this system (this may happen since all graphs are available as tiles
in the tile system of a LOGG), this open channel is restricted for the communi-
cation with this client, and the rules of the server become applicable (including
the rule that creates a new communication channel). This very interesting view
on the behavior of open systems is inspired by the tile modeling.

6 Conclusion and Future Work

In this paper we reviewed the concepts of Linear-Ordered Graph Grammars
(LOGGsS) as presented in [MR02]. We showed an example of application of this
kind of grammars, taking advantages of its features to model distributed systems.
We then discussed how the notion of open graph can be exploited to model open
systems. In this framework, the behavior is defined not only by the rules that
specify a system, but also by the different ways in which this system may be
composed with other systems. The cooperation between horizontal and vertical
compositions for a system can be naturally described in the tile systems setting.
This contribution makes evident that LOGGs provide a link between the area
of graph grammars and tile systems, showing that both areas of research can
benefit from each other. In particular, we showed that by modeling graph gram-
mars as tile systems, we immediately got ideas on novel kinds of graphs, on how
composition of these new kinds of graphs may be defined, and on the relation-
ships between composition and evolution (through derivations) of a system.
Since it was not the aim of this paper to show all formal definitions, but to
provide insights on possible applications and extensions of linear-ordered graph
grammars, a lot of work still has to be done to formalize the presented ideas.
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Abstract. This short note introduces the area of constraint and logic
programming. I will first briefly describe the main contributions of Ugo
Montanari to these disciplines. Then I will summarize the papers con-
tained in this volume, and concerned with either constraint or logic pro-
gramming, that have been written in honour of Ugo Montanari.

1 Constraint Programming

Constraint programming (CP) [IISITTII5ITE] is a powerful paradigm for solving
combinatorial search problems. CP was born as a multi-disciplinary research area
that embeds techniques and notions coming from many other areas, among which
artificial intelligence, computer science, databases, programming languages, and
operations research. Constraint programming is currently applied with success
to many domains, such as scheduling, planning, vehicle routing, configuration,
networks, and bioinformatics.

Constraint solvers take a real-world problem, represented in terms of decision
variables and constraints, and find assignments to all the variables that satisfy
all the constraints. Constraint solvers search the solution space either systemati-
cally, as with backtracking or branch and bound algorithms, or use forms of local
search which may be incomplete. Systematic methods often interleave search and
inference, where inference consists of propagating the information contained in
one constraint to the neighboring constraints. Such inference, called constraint
propagation, is usually very useful, since it may greatly reduce the parts of the
search space that need to be visited. Constraints that are often used in real-life
problems, called global constraints, come with their own ad-hoc efficient propa-
gation mechanisms, that make them especially efficient to use.

The initial ideas underlying the whole constraint programming research area
emerged in the 70’s with several pioneering papers on constraint propagation.
Among them, it is no doubt that the most influential of all has been the 1974
paper by Ugo Montanari titled “Networks of Constraints: Fundamental Prop-
erties and Applications to Picture Processing” (Information Science, vol. 7, p.
95-132, 1974) [13], where, for the first time, a form of constraint propagation
called path consistency was defined and studied in depth. This paper is one of
the most cited and influential in the field of constraint programming. For the
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first time, there was a clear and formal study of a new notion of local consistency,
as well as of many other concepts such as the notion of decomposable networks
of constraints. The influence was both in terms of the results contained in the
paper, as well as in terms of a very formal and clear style of presentation, typical
of all Ugo’s papers, that was very rare in Artificial Intelligence at that time.

In 1995, when CP was already well developed and with many research lines,
Ugo made another important contribution to the field, by introducing, together
with S. Bistarelli and myself, the notion of soft constraints, that is, constraints
that can have several levels of satisfiability [3I2]. To do this, algebraic concepts
were used, such as the notion of semiring, that was used to model the set of
satisfiability levels. The main contribution was the introduction of a very gen-
eral framework where several classes of soft constraints could be modelled, and
where properties could be proven once and for all, and then inhertited by all the
instances. Since then, the area of soft constraints has evolved greatly, with other
modelling formalisms, solving techniques, applications, and theoretical results.
Further contributions of Ugo along this line include the embedding of soft con-
straints in programming paradigms, such as constraint logic programming [4/5]
and concurrent concurrent programming [617].

2 Logic Programming

Logic programming [10] is a declarative programming paradigm where programs
are not made of commands nor of functions, but of logical implications (called
clauses) between collections of predicates. Executing a logic program means ask-
ing whether a certain statement (called the goal) is true under the logical theory
modelled by the clauses. To answer this question, the current goal is recursively
“unified” with the conclusion (also called the head) of a clause. Unification is
therefore a crucial mechanism to execute a logic program such as those written
in Prolog. However, it can be very expensive to compute.

Ugo Montanari, together with Alberto Martelli, gave an essential contribution
to logic programming with the paper “An Efficient Unification Algorithm” (ACM
TOPLAS, 1982) [12], by introducing an efficient way to unify two terms. In this
paper, the problem of unifying two terms is seen as the problem of finding the
solution of a set of equations, and it is shown that this can be done very efficiently.
For a historical view of how this result came about, see also the paper by Alberto
Martelli in this volume.

3 Papers About Constraint and Logic Programming in
This Volume

The paper “Semiring-based soft constraints”, by Stefano Bistarelli and Francesca
Rossi, describes the work done together with Ugo Montanari for the introduction
of semiring-based soft constraints, as well as the main lines of research that
have been followed since then to extend, use, and make soft constraints more
applicable.
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Constraint programming is a declarative programming framework, where, ide-
ally, a user should state its constraints, and the underlying solver should solve
them. There are many other declarative programming paradigms, and most of
them, included CP, suffer from the lack of debugging tools. This is inherently
related to the declarative nature of such paradigms. The paper “Declarative De-
bugging of Membership Equational Logic Specifications”, by Rafael Caballero,
Narciso Marti-Oliet, Adrian Riesco, and Alberto Verdejo, shows how to use
declarative (or algorithmic debugging) in the context of Maude, a high-level
declarative language supporting equational and rewriting logic computations.

Classical spreadsheet software, such as Excel, embed a very simple form of
constraint programming, since it is possible to relate the value of a cell to
the value of other cells via some function. By extending these functions to be
generic constraints, we greatly enlarge the applicability of this software. The
paper “SPREADSPACES: Mathematically-Intelligent Graphical Spreadsheets”,
by Nachum Dershowitz and Claude Kirchner, shows how to enhance classical
spreadsheets to obtain systems where spreadsheet computation, as well as con-
straint solving and optimization, can be carried on in a graphical environment.

Constraints have been embedded in many programming paradigms, but the
one that has shown to be the most suitable is the logic programming par-
adigm. The paper “An Overview of The Ciao Multiparadigm Language and
Program Development Environment, and its Design Philosophy”, by Manuel
Hermenegildo, Francisco Bueno, Manuel Carro, Pedro Lopez-Garcia, and Ger-
man Puebla, is a brief overview of the CIAO programming language, that started
as a constraint logic programming language [9], and that now supports func-
tional, logic, constraint, and object-oriented programming, in an environment
with concurrent, parallel, and distributed executions, as well as many auxiliary
tools such as debuggers, verifiers, and visualizers.

Constraint programming problems are usually solved via systematic search,
which traverses a search tree via depth-first backtracking search. Search trees
have only OR-nodes, that model branching via variable instantiation. By aug-
menting them with AND-nodes, modelling problem decomposition, it is possible
to exploit variable independency during search. This can lead to exponential
speed-up. Binary decision diagrams are also widely and effectively used to model
Boolean functions. The paper “AND/OR Multi-Valued Decision Diagrams for
Constraint Networks”, by Robert Mateescu and Rina Dechter, shows how to
combine the idea of decision diagrams and of AND/OR search structures to
model compactly and solve more efficiently constraint problems, by providing a
survey of recent results in this line of research.
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Abstract. The semiring-based formalism to model soft constraint has
been introduced in 1995 by Ugo Montanari and the authors of this pa-
per. The idea was to make constraint programming more flexible and
widely applicable. We also wanted to define the extension via a general
formalism, so that all its instances could inherit its properties and be
easily compared. Since then, much work has been done to study, extend,
and apply this formalism. This papers gives a brief summary of some of
these research activities.

1 Before Soft Constraints: A Brief Introduction to
Constraint Programming

Constraint programming [IIA2J60/7468] is a powerful paradigm for solving com-
binatorial search problems that draws on a wide range of techniques from ar-
tificial intelligence, computer science, databases, programming languages, and
operations research. Constraint programming is currently applied with success
to many domains, such as scheduling, planning, vehicle routing, configuration,
networks, and bioinformatics.

The basic idea in constraint programming is that the user states the con-
straints and a general purpose constraint solver solves them. Constraints are
just relations, and a constraint satisfaction problem (CSP) states which rela-
tions should hold among the given decision variables. For example, in scheduling
activities in a company, the decision variables might be the starting times and
the durations of the activities, as well as the resources needed to perform them,
and the constraints might be on the availability of the resources and on their
use for a limited number of activities at a time.

Constraint solvers take a real-world problem, represented in terms of decision
variables and constraints, and find an assignment of values to all the variables
that satisfies all the constraints. Constraint solvers search the solution space
either systematically, as with backtracking or branch and bound algorithms,
or use forms of local search which may be incomplete. Systematic methods of-
ten interleave search and inference, where inference consists of propagating the
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information contained in one constraint to the neighboring constraints. Such in-
ference, usually called constraint propagation, may reduce the parts of the search
space that need to be visited.

Rather than trying to satisfy a set of constraints, sometimes people want to
optimize them. This means that there is an objective function that tells us the
quality of each solution, and the aim is to find a solution with optimal quality.
To solve such problems, techniques such as branch and bound are usually used.

The initial ideas underlying the whole constraint programming research area
emerged in the 70s with several pioneering papers on local consistency, among
which the 1974 paper by Ugo Montanari [63], where for the first time a form
of constraint propagation, called path consistency, was defined and studied in
depth. Since then, the field has evolved greatly, and theoretical study has been
coupled with application work, that has shown the need for several extensions
of the classical constraint formalism. The introduction of semiring-based soft
constraints lies within this evolution thread.

In the classical notion of constraint programming, constraints are relations.
Thus a constraint can either be satisfied or violated. In the early '90s, some
attempts had been made to generalize the notion of constraint to an object with
more than just two levels of satisfiability.

For example, fuzzy constraints [46/69] allow for the whole range of satisfiability
levels between 0 and 1. Then, the quality of a solution is the minimum level of
satisfiability of the constraints for that solution. The aim is then to find a solution
whose quality is highest.

Because fuzzy constraints suffer from the so-called ”drowning effect” (where
the worst level of satisfiability ”drowns” all the others), lexicographic constraints
were introduced [49], to obtain a more discriminating ordering of the solutions,
where also solutions with the same worst level can be distinguished.

Another extension to classical constraints are the so-called probabilistic con-
straints [48], where, in the context of an uncertain model of the real world, each
constraint is associated to the probability of being present in the real problem.
Solutions are then associated to their conjoint probability (assuming indepen-
dence of the constraints), and the aim is to find a solution with the highest
probability.

In weighted constraints, instead, each constraint is given a weight, and the aim
is to find a solution for which the sum of the weights of the satisfied constraints
is maximal. A very useful instance of weighted constraints are MaxCSPs, where
weights are just 0 or 1 (0 if the constraint is violated and 1 if it is satisfied). In
this case, we therefore want to satisfy as many constraints as possible.

While fuzzy, lexicographic, and probabilistic constraints were defined for mod-
eling purposes, that is, to model real-life situations that could not be faith-
fully modeled via classical constraints, weighted constraints and MaxCSPs were
mainly addressing over-constrained problems, where there are so many con-
straints that the problem has no solution. In fact, the aim is to satisfy as many
constraints as possible, possibly using priorities (modeled by the weights) to have
more discriminating power.



Semiring-Based Soft Constraints 157

This second line of reasoning lead also to the definition of the first general
framework to extend classical constraints, called partial constraint satisfaction
[51]. In partial CSPs, over-constrained problems are addressed by defining a
metric over constraint problems, and by trying to find a solution of a problem
which is as close as possible to the given one according to the chosen metric.
MaxCSPs are then just an instance of partial CSPs, where the metric is based
on the number of satisfied constraints.

2 Semiring-Based Soft Constraints: Main Idea and
Properties

The idea of the semiring-based formalism [2012761I7] was to further extend the
classical constraint notion, and to do it with a formalism that could encompass
most of the existing extensions, as well as other ones not yet defined, with the
aim to provide a single environment where properties could be proven once and
for all, and inherited by all the instances.

At the technical level, this was done by adding to the usual notion of a CSP
the concept of a structure representing the levels of satisfiability of the con-
straints. Such a structure is a set with two operations: one (written +) is used to
generate an ordering over the levels, while the other one (x) is used to define how
two levels can be combined and which level is the result of such combination.
Because of the properties required on such operations, this structure is similar to
a semiring: from here the terminology of ”semiring-based soft constraints”, that
is, constraints with several levels of satisfiability, and whose levels are (totally
or partially) ordered according to the semiring structure. Fuzzy, lexicographic,
probabilistic, weighted, and MaxCSPs are all instances of the semiring-based
framework. In general, problems defined according to the semiring-based frame-
work are called soft constraint satisfaction problems (SCSPs).

Figure[l shows a weighted CSP as a graph. Variables and constraints are
represented respectively by nodes and by undirected arcs (unary for ¢; and cs,
and binary for ¢g), and semiring values are written to the right of each tuple.
Here we assume that the domain of the variables contains only elements a, b and
c¢. An optimal solution of this problem is (X = b,Y = ¢), that has weight 7.

(a) — 9
by 1 (a,a) — 8 (a) =9

by — 5
() — 9 (a,b)y — 2 (o 5
a1 (a,c) — 2 cs
b, a) — oo
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(bye) — 1
(c,a) — 8
(c, by — 2
(c,c) — 2

Fig. 1. A weighted CSP
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In the same year in which semiring-based soft constraints were introduced
(1995), another general formalism to model constraints with several levels of
satisfiability was proposed: the so-called ”valued” constraints [(2]. Valued con-
straints are very similar to semiring-based soft constraints, except that their
levels of satisfiability cannot be partially ordered [13].

The possibility of partially ordered set of levels of satisfiability can be useful
in several scenarios. When the levels are the result of the combination of several
optimization criterion, it is natural to have a Pareto-like approach in combining
such criteria, that naturally leads to a partial order. Also, even if we have just
one optimization criteria, we may want to insist in declaring some levels as
incomparable, because of what they model. In fact, the elements of the semiring
structure do not need to be numbers, but can be any objects that we want
to associate to a way of giving values of the variables of a constraints. If, for
example, the objects are all the subsets of a certain set, then we have a partial
order under subset inclusion.

One of the strengths of constraint programming is the ability to remove local
inconsistencies via constraint propagation. This techniques can be extended to
soft constraints. If some properties of the semiring structure (mainly the idem-
potence of the combination operator) hold, this extension has the same desirable
properties as the classical notion. That is, it terminates, it returns an equivalent
problem, and it is independent on the order of the application over constraints
[22]. Otherwise, a different notion of constraint propagation can be defined, which
enjoys some of the properties but not all (for example, independence does not
hold any longer) [B9M0I7TII2T].

Some real-life situations cannot be modeled via soft constraints with idem-
potent operators. For this reason, a more general notion that does not assume
this property has been introduced in [75]. In this more general setting, semiring
valuations are useful, for example, when counting the number of solutions.

Another extension of the semiring-based framework has been proposed in [54],
where a metric space has been combined with semiring-based constraints to
capture distances between preference levels. In [59] the distance is then used to
define a notion of constraint relaxation.

It is known that non-binary classical constraints can always be modeled by
binary constraints, if enough new variables are introduced (primal representa-
tion) or if we use variables with tuple domains (dual representation). In [58] this
issue has been considered in the context of soft constraints, and it was shown
that any set of semiring-based soft constraints can be modeled via unary soft
constraints plus classical binary constraints.

3 Embedding Soft Constraints in Programming
Paradigms

Classical constraints have been embedded in several programming paradigms, such
as logic programming and concurrent programming. This has lead to Constraint
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Logic Programming (CLP) [60/55/56] and Concurrent Constraint (cc) program-
ming [70]. Similar attempts have been done with semiring-based soft constraints.

3.1 Soft CLP

To build applications with constraints, a language is needed where such con-
straints are easily embedded and handled as first class objects. This is why
soft constraints have been embedded in the Constraint Logic Programming
(CLP) [56] formalism. The resulting paradigm, called SCLP (for Semiring-based
CLP, or also Soft CLP) [2930], has the advantage of treating in a uniform way,
and with the same underlying machinery, all constraints that can be seen as
instances of the semiring-based approach. This leads to a high-level declara-
tive programming formalism where real-life problems involving constraints of all
these kinds can be easily modeled and solved.

As usual for logic programming languages, three equivalent semantics have
been defined for SCLP: model-theoretic, fix-point, and operational, which are
conservative extensions of the corresponding ones for LP. Additionally, the de-
cidability of the semantics of SCLP programs have been investigated: if a goal
has a semiring value greater than or equal to a certain value in the semiring,
then we can discover this in finite time. Moreover, for SCLP programs without
functions, the problem is completely decidable: the semantics of a goal can be
computed in finite and bounded time.

The SCLP framework has been implemented [53] on top of an existing
CLP(FD) language. The resulting language, called CLP(FD,S), is parametric
with respect to the semiring S, and can handle semiring-based soft constraints
over S in problems where variables have finite domains.

3.2 Soft cc

Semiring-based soft constraints have also been embedded in concurrent lan-
guages. The framework proposed in [3TI25] (called scc) extends the cc program-
ming framework [70] by using soft constraints instead of classical ones.

In cc programming, a set of agents share a store which contains constraints.
An agent can ask if a constraint is entailed by the store, or can tell (that is, add)
a new constraint to the store. In scc, the notions of ask and tell are parameterized
with respect to the level of consistency of the store or the semiring level of each
instance of the constraints present in the store. In this way, each tell and ask
agent is equipped with a preference (or consistency) threshold which is used to
determine their success, failure, or suspension, as well as to prune the search.

Sce programming has been also extended to deal with timed [20] and non-
monotonic [35] issues. The timed extension is based on the hypothesis of bounded
asynchrony: computation takes a bounded period of time and is measured by a
discrete global clock. Action prefixing is then considered as the syntactic marker
which distinguishes a time instant from the next one. In non-monotonic scc some
new actions provide the user with explicit non-monotonic operations: retract(c),
to remove constraint ¢ from the current store; updateX(c), to transactionally



160 S. Bistarelli and F. Rossi

relax all the constraints of the store that deal with variables in set X, and then
add a constraint ¢; and nask(c), to test if constraint c¢ is not entailed by the
store.

The framework has been implemented [43]. In particular, the soft constraint
constructs were adapted to and integrated within the propagation process of
Mozart [47].

Soft constraints have been embedded also in the Constraint Handling Rule
(CHR) framework, a formalism to specify constraint solvers and constraint prop-
agation algorithms via a set of rewriting rules [24T9]. The obtained system al-
lows one to design and specify naturally soft constraint solvers, including soft
propagation algorithms.

4 Extending Soft Constraints to Model Other Kinds of
Preferences

Semiring-based soft constraints are a way to model preferences. However, prefer-
ences can be of various kinds, and semiring-based soft constraints, as originally
defined, are good at modeling only some of them.

For example, preferences can be quantitative or qualitative (e.g., “I like this at
level 10” versus “I like this more than that”). They can also be conditional (e.g.,
“If the main dish is fish, I prefer white wine to red wine”) or bipolar (e.g., “I like
fish a lot, and I slightly dislike meat”). Soft constraints can model directly and
naturally quantitative preferences, but are not as good at modeling qualitative,
conditional, or bipolar preferences. We will now summarize some approaches to
model these other kinds of preferences via extensions or adaptations of semiring-
based soft constraints.

4.1 Bipolar Preferences

Bipolarity is an important topic in several fields, such as psychology and multi-
criteria decision making, and it has recently attracted interest in the AT commu-
nity, especially in argumentation and qualitative reasoning. Bipolarity in pref-
erence reasoning can be seen as the possibility to stating both degrees of satis-
faction (that is, positive preferences) and degrees of rejection (that is, negative
preferences).

Positive and negative preferences can be thought as two symmetric concepts,
and thus one can think that they can be dealt with via the same operators.
However, this may not model what one usually expects in real scenarios. For
example, when we have a scenario with two objects A and B, if we like both A
and B, then having both A and B should be more preferred than having just A
or B alone. On the other hand, if we don’t like A nor B, then the preference of
A and B together should be smaller than the preferences of A or B alone. That
is, the combination of positive preferences should produce a higher (positive)
preference, while the combination of negative preferences should give us a lower
(negative) preference.
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When dealing with both kinds of preferences, it is natural to express also
indifference, which means that we express neither a positive nor a negative pref-
erence over an object. For example, we may say that we like peaches, we don’t
like bananas, and we are indifferent to apples. Then, a desired behavior of indif-
ference is that, when combined with any preference (either positive or negative),
it should not influence the overall preference. For example, if we like peaches and
we are indifferent to apples, a dish with peaches and apples should have overall
a positive preference.

Finally, besides combining preferences of the same type, we also want to be
able to combine positive with negative preferences. The most natural and in-
tuitive way to do so is to allow for compensation. Comparing positive against
negative aspects and compensating them with respect to their strength is one of
the core features of decision-making processes, and it is, undoubtedly, a tactic
universally applied to solve many real life problems. For example, if we have a
meal with meat (that we like very much) and wine (that we don’t like), then
what should be the preference of the meal? To know that, we should be able to
compensate the positive preference given to meat with the negative preference
given to wine. The expected result is a preference which is between the two,
and which should be positive if the positive preference is ”stronger” than the
negative one.

Semiring-based soft constraints can only model negative preferences, since
in this framework preference combination returns lower preferences. However,
this framework can be generalized to model also positive preferences. In [65]
this is done by defining a new algebraic structure to model positive preferences.
The two structures are then linked by setting the highest negative preference
to coincide with the lowest positive preference, to model indifference. Then, a
combination operator between positive and negative preferences is defined to
model preference compensation. To find optimal solutions of bipolar problems,
it is possible to adapt usual soft constraint propagation and branch and bound.

4.2 Conditional Qualitative Preferences

While soft constraints cannot model conditional qualitative preferences directly,
CP-nets [37] (Conditional Preference networks) can. CP-nets exploit conditional
preferential independence by structuring a user’s possibly complex preference
ordering with the ceteris paribus (that is, “all else being equal”) assumption. CP-
nets are sets of conditional ceteris paribus preference statements (cp-statements).
For instance, the statement “I prefer red wine to white wine if meat is served